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Motivation
o] To)

A generic model for tick-by-tick financial data
{Ji}22,: a sequence of positive random variables with the meaning

of inter-trade durations.
{Yi}22,: a sequence of random variables with the meaning of

tick-by-tick log-returns.
Define:

n

Tn = ZJia
i=1
n

Xn = Z Yia
i=1

N(t) = max{n: T, < t},
N(t)
Y(t)=>Y_ V.
i=1



Motivation
ooe

Scaling and limit theorems
Consider the rescaled variables J,.(r) = rJ; and Yi(h) = hY;. Define

-y S,

and
N(t) = max{n : T < t}.

The general problem we are dealing with is the functional limit of

h r) Z Y(h)

when r — 0 and h — 0, under an appropriate scaling. We will stay
in the i.i.d. paradise!
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The problem |

Let us consider the following problem. Assume that an option
position is opened where the underlying asset is a share in a
regulated equity market at an instant of time t after the beginning
of continuous trading and with maturity T within the very same
trading day before the end of continuous trading. What is the price
of that option? In order to answer, we need to be more specific.
The answer depends on several assumptions. In particular, it
depends on the kind of option, on the specific model for the price
fluctuations of the underlying asset and on the option pricing
method.
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The problem Il

General Electric Company (GE) ¢
NYSE - NYSE Delayed price. Currency in USD
97.84 -4.39 (-4.29%)

At close: 26 November 100PM EST
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Figure: GE prices on 26 November 2021
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The price model
We consider a price process in discrete time given by

n
5,,:50Hey", n e NuU {0}, (1)
i=1

where {Y;}?°; is now a sequence of i.i.d. normal random variables
with expected value 0 and variance o with the meaning of
tick-by-tick log-returns and Sg is the initial price. We use the
convention H?:l - = 1. We now consider a sequence of positive
i.i.d. random variables {J;}3°; with the meaning of inter-trade
durations, we introduce the corresponding counting renewal
process N(t) = max{n:>_7 ; Jj < t} and we define the price as

(t)
S(t)=So [J " (2)
i=1
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The option and the option price

For the sake of simplicity, we consider a European plain-vanilla option with payoff
C(S(T)) = (S8(T) - K)*, (3)

where T is the maturity and K is the strike price. We use an equivalent martingale
measure given by

N(T)
FroAmPA) :=Els [[ e
i=1

Yi _o?
2

o (4)

under which the e} have expectation 1 and S(t), t € [0, T] is a martingale with
respect to its natural filtration. We can safely assume rg = 0 for the risk-free interest
rate. For the option price at time t < T, we use the conditional expectation with
respect to the martingale measure defined in (4)

C(t) == E5[C(S(T))|F] = /OOO E(u)dFg ) (u), (5)
where
N(t) ,
S(t)=So [[ Yo /2. (6)

i=1
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Markovian case |

In this case, we have that N(t) is the Poisson process, so that
Fg(T)(u) is given by

P =m0 MW @)
n=0

with G,(u) given by the n-fold Mellin convolution of the
distribution function of exactly n terms of (6):
_ Ma

Gal) = F21 () ®)
Equation (7) can be derived by probabilistic arguments. In
particular, the price can move from Sp to S(T) in n > 0 steps in a
mutually exclusive and exhaustive way. By infinite additivity (7)
follows.
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Markovian case |l
Denote

C(t,x) = E {(’s“(r) - K)+ 15(0) :x} _ {(’s“*(r— £ — K)+] .

If we plug (7) into (5), we get by the monotone convergence theorem
and Lemma 7.25 in Wheeden and Zygmund, 2015

C*(t,x) = e MT— f>Z[A ]n/ C(u)dG,(u (9)
and thus

C*(t,x) = e MT—1) MQ So=x,K,re =0,0), (10
n!

where we set

Co(So = x, K, 17 = 0,0%) = / E(u)dGo(u).
0
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Markovian case Il
One can write

Co(So = x,K,rg =0,0%) = /000 C(u)dGy(u) = N (drn)x—N(da.n)K,
(11)

N(u) = ¢127T / dve 2 (12)

is the standard normal cumulative distribution function and
d = log(x/K) + n(c?/2)
1,n — O'ﬁ 5
drp = din—aV/n. (14)
Equation (10) coincides with the result of equation (16) in

Merton's 1976 paper when the diffusion part is suppressed and the
risk-free interest rate is rp = 0.
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Limit in the Markovian case |

In the limit of rapid jumps with vanishing length (at suitable velocity) the
process defined in (6) converges in distribution to the process SoeB® under
appropriate scaling, where B(t) is standard Brownian motion. In detail, the
limit is as follows. Suppose that the parameter of the exponential r.v.’s is A\p,
and that the variance of the i.i.d. r.v.’s Y, is o2,. Further suppose that, as

m — 00, Am 1 00 (frequent jumps) and o2, | 0 (vanishing length) in such a way
that Amo2, — 1 as m — co. One can see that under the measure

Y, om
2 8

FroA=PA) =El[[e 7 ¥, (15)

where F;, t € [0, T), is the natural filtration of S(t), t € [0, T], the process (2)
is still convergent to ¢(*) in the sense that P (S(t) € -) — P (eB(t) € )
where B(t), t € [0, T], is a standard Brownian motion on (Q, A, P), with

natural filtration FZ, and
T T
8

FES A Poe (A) = Elpe™ 2%, (16)

is Girsanov's measure under which B(t) + 1t is a Brownian motion and ("),

t € [0, T], is a martingale.
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Limit in the Markovian case Il

The option price (5) converges to the option price obtained using
the Black and Scholes formula (with rp = 0), Cgs(t), i.e.,

Eg [(S(T) = K)" | Fe] = C(t) —

Gos (1) = Es_ | (S0 = k)| 78] )

where F; denotes the natural filtration of S(t) while F2 the
natural filtration of Brownian motion. The convergence in (17) is
pointwise convergence for S(t) and B(t) fixed.
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Limit in the Markovian case: A formal proposition

It is true that, for any fixed x >0 and t € [0, T] and T > 0, as
m — 0o,

Eg [(S(T)— K)" | $*(t) = x] —

+
Eﬁ’oo |:<SoeB(T) - K) ‘ SoeB(t) = X:| y (18)

where S(t) is defined in (2) with N(t) is a Poisson process of rate
Am, the Y; are i.i.d. Gaussian random variables of mean 0 and
variance 02, with Ay, 1 00 and 02, | 0 so that A\yo2, — 1 for

m — co. The measure P is defined in (15).

imit theorems for prices of options written on semi-Markov processes Enrico Scalas



Option pricing
00000000000 e0000000000000

Semi-Markov case |

Now, N(t) in (2) is a generic counting renewal process. The r.v. J; has c.d.f.
Fj(u), p.d.f. fy(u) and c.c.d.f. Fy(u) =1— Fj (u). The process S(t) is no
longer Markovian, but belongs to the class of semi-Markov processes by
construction. If we are sitting at a generic time t, the probability that this is a
renewal epoch T, :=>"" , J; is zero, in fact T,, n € N, are absolutely
continuous r.v.'s with zero measure on the real line. We assume that we know
the past of the process and, in particular, the value of the previous renewal
epoch Ty that we identify with the instant at which the previous transaction
is recorded. Therefore, at time t, the age y(t) := t — Ty is also known,
whereas the residual life-time J(t) := Tpn()41 — t is unknown. Formally, if 7,
t € [0, T] denotes the natural filtration generated by the process S(t),

t € [0, T], the r.v. (t) is measurable with respect to F; while J(t) is not.
Since the waiting times between transactions are not exponential r.v.’s the
quantity y(t) (which is known at time t) is relevant in order to compute the
probability of events in the future and therefore for the option pricing formula.
In other words: the process (5(t),(t)) is a homogeneous Markov process,
while S(t) is not. The same holds for S(t) which is defined as in the Markov
case.

imit theorems for prices of options written on semi-Markov processes Enrico Scalas



Option pricing
000000000000 e000000000000

Semi-Markov case Il

We have

z ~ +
— B0 [<S(T - K> } (19)
where we used the classical notation of Markov processes
P2 () :=P (- [ So = x,7(0) = 5) (20)
and [E**® for the corresponding expectation. Let us denote by

{N(T) — N(t) = k} the event corresponding to the fact that there
are k transactions between time t and the maturity T.
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Semi-Markov case llI

One can derive the option price

s, T — 1) = B [(g(r - K)*] (21)
as
z _ Ky T )
C(x,s, T —t)=(x—K) )
[o'e] T—t ~
S Ry = e+ w) = - 1085 ()] €30 = xo e = 0.0%),

(22)
where J: = Tp(s)+1 — t is the residual lifetime and
Fr(w) =P (J: < w|r(t) =s). (23)
More explicitly, one has

Fon(w) = L), (24)
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Semi-Markov case IV
The transition probabilities for (1) are for any n € NU {0} and Borel set B,

h(x,B) =P (Sp1 € B | Sa=x) = P(S1 € B| S =x) = IP(xeyleB)
(25)

For the option price Ep ((S(T) — K)* | ) it is true that, for z := (T — t),

B ((S(T) = K)' | 7) = BT ((5(2) - K)"). (26)
Define C(x, s, z) := EX* ((S(z) — K)*). Then C(x,s, z) satisfies the renewal

equation

C(x,s,z) = (x—K)+FJZ+S / / C(y,0,z—171) (S?_)T)h(x,dy)dT7
(27)

where h(x, dy) is the martingale modification of (25).
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Semi-Markov case V

The right-hand side (rhs) of (22) is a solution to equation (27).

Note that when the waiting times are exponential, the price process is a
function of the Markov chain S(t), i.e., for any s, s’ > 0,

C(x.2) = BY* (S(2) - K)" = By (S(z) - K)*. (28)
Therefore one can write a differential (Kolmogorov's) equation
Lea) =2 [ (Cria) - CxaNedy),  COX) = (x— K"
0
(29)

since the operator appearing at the rhs of (29) is the generator of S(z). Note
that this equation reduces to equation (14) in Merton (1976) in the case in
which the diffusive part of the price process is absent.
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Semi-Markov case V (continued)

Equation (27) can be compared with the unnumbered equation
immediately after equation (2) in the paper by Montero (2008).
Our equation coincides with Montero’s one as our risk-free interest
rate is zero and we integrate on prices and not on returns assuming
that prices are positive random variables.
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Limit in the semi-Markov case |

Assume the semi-Markov S(t) converges to some limit process (in law, at
least). What is the limit of C(x, s, z)? In other words, is there an analogue of
Ces(t)? To answer this question, at least in some cases, let us introduce
subordinators. A subordinator o(t),t > 0, is a strictly increasing Lévy process
whose Lévy Laplace exponent is a Bernstein function; in other words, one has

Ee 70 = =t(9) (30)

where
f(¢) = b + /OOQ (1 - e—‘“) v(ds), (31)

for a non-negative constant b > 0 and a Lévy measure v(-), with tail denoted
by #(-), supported on (0, 400) and satisfying

/000 (s A1) v(ds) < co. (32)
Then we define
L(t) :=inf{s >0:0(s) >t} (33)

as the inverse process of o.

imit theorems for prices of options written on semi-Markov processes Enrico Scalas



Motivation Option pricing Summary and Outlook

0000000000000 00000e000000

Limit in the semi-Markov case |l

If the process o(t) is independent from the Poisson process N*(t)
and it is strictly increasing, we have the following result.

If either b > 0 or v(0, +00) = 400, the time-changed Poisson
process N*(L(t)) is a renewal process whose i.i.d. waiting times J;
satisfy

Furly) =P (4 >t) = Ee O, (34)

We shall assume from now on that N(t) = N* (L(t)) for some L(t)
inverse of a strictly increasing subordinator, b = 0 and
(0, 00) = 0.
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Limit in the semi-Markov case IlI

We consider here the limit of the option price C(x,s, z), as Am T o0, a% 1 0 with
/\mafn — 1. The parameters \n, represent the rate of the Poisson process, N*(t),
which is time-changed. To highlight the dependence of C(x,s, z) on the above
parameters, we can use the notation Cp(x, s, z).

The functional limit of the process S(t) is the time-changed geometric (standard, i.e.,
B(0) = 0) Brownian motion eB(L()) (see Meerschaert and Straka (2014)). This
limiting process is a martingale under an appropriate probability measure. Moreover, it
is semi-Markov in the sense that it has the Markov property at its renewal points.
Given that the process has intervals in which it is constant, induced by the
(independent) time-change, as in

eBUD) — BW) - G(w™) <t < a(w), (35)
the renewal points can be represented through the undershooting and overshooting
process of the subordinator, namely the processes o(L(t)™), t € [0, T], and o(L(t)),

t € [0, T]. In other words the age of the process eB(L(1)) is
Y2 (t) =t —o(L(t)7) (36)

while the remaining lifetime is

T>(t) == o (L(t)) —t. (37)
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Limit in the semi-Markov case |V

At time t, we assume we know the full history of the process, which is contained in
the filtration G; := .FLO(';)J t € [0, T], where F3° is the filtration generated by the

process (SoeBW,UW). Note that the age v°°(t) is measurable with respect to G,

because the process eB(L(!)) is constant between the renewal point o(L(t)~) and t,
while the remaining lifetime J°°(t) is not measurable with respect to G;. In what
follows, we use the process

SpeBL®) te[o, T, (38)

where Sp is a L1 positive r.v., and the option price
+
Ep_ {(soeB(L(T” ~K) | gt} . telo Tl (39)

where

~ _B(M) L1
Gr 3 A= Po(A) := Elge 2 8, (40)

is a probability measure under which o(t) is again a subordinator with Laplace
exponent f(¢) and eB(L) ¢ € [0, T] is a martingale.
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Limit in the semi-Markov case V

We use the Markov property of the process (eB(L(t))

to G; to prove

,7°(t)) with respect

We have that, forz=T —t, t € [0, T],

Es [(soe k)" gt] = EgT0 (e80@) k)"
P
(41)
Moreover, let ¢'(x,y,z) =& (Soe (L(=)) — K)+. Then, for any
O<y<z

q6y,2) = (x— K)+’7(¥J)Z)+/Z 1,0,z — )Y ED 4 (a9
v 0
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Limit in the semi-Markov case: Heuristic derivation |

Remember that for z = T — t from Theorem 2 we have

Cm(Xv.V7Z)
=x-K)?* 7FJ,(y +2) + / / Cm(y,0,z—1) Eag”(x, dy) 7'99/ +7) dr.
Fi(y) o Jo Fi(y)
(43)
with the following limits
Foly +2) mospo Py +2) (44)
Fi(y) v(y)
Coly0.2) = [ G 0.5)P (L(2) € ) (45)
0
where
C,:,(_)@O,Z) m1>>00 CBS(}/7O>Z)> (46)
and ,
hom(x, dy) "= 8, (dy). (47)
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Limit in the semi-Markov case: Heuristic derivation I

Putting these pieces together, it follows that, moving limits inside the integrals
in (43), one gets

i % z dr)
lim CmX7 ,Z) = X7K+V(¥+Z)+/ CooXyO7Z*T V(y;a
i o) = KTy, o ’u(y)()
48
where
Coo(x,0, 2)
- +
= / E* (S0 /2 - K)+ P (L(z) € ds) = EZ° (Soe®HD 192 _ k)
0
(49)

The above argument is not rigorous and needs refinement.
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Limit in the semi-Markov case: A theorem

The conjecture of (48) can be proven when the Bernstein function is
f(¢) = ¢, o € (0,1), in other words in the case when the subordinator
is a-stable.

Suppose that f(¢) = ¢*, a € (0,1). Withz=T —t, let
q(x,y,z) = limn_e0 Cm(x,y,z). We have that q(x, y, z) exists and
sastisfies, for any z > 0 and 0 < y < z, the renewal type equation

e% «

= (x — V ) w,0,z—7 i
a(.y,2) = (x— K)* )a+/0q( 0.2=7);

(z+y y+ e
(50)

and further q(x,y,z) = q'(x,y,z) for any (x,y,z) € R x (0,z) x [0, T]
and T > 0.
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Summary and Outlook

@ We derived a limit theorem for the option price in the
semi-Markov case, when the time-change is the fractional
Poisson process (the inverse stable subordinator).

@ We derived fractional-type BS equations when the underlying
price follows a time-changed geometric Brownian motion (not
shown here).

@ Numerical work forthcoming.

@ Stay tuned for future developments.
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Joint work with Bruno Toaldo

Enrico Scalas, Bruno Toaldo
Limit theorems for prices of options written on semi-Markov

processes
To appear in: Theory of Probability and Mathematical Statistics

Preprint https://arxiv.org/abs/2104.04817.
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Thank you for your attention!
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