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CLASSIFYING FINITE LOCALIZATIONS
OF QUASICOHERENT SHEAVES
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ABSTRACT. Given a quasicompact, quasiseparated scheme X, a bijection between the
tensor localizing subcategories of finite type in Qcoh(X) and the set of all subsets
Y C X of the form Y = UiEQ Y;, with X \ Y; quasicompact and open for all ¢ € Q,
is established. As an application, an isomorphism of ringed spaces

(X’ OX) o (spec(Qcoh(X)), OQcoh(X))

is constructed, where (spec(Qcoh(X)), Oqcon(x)) is a ringed space associated with the
lattice of tensor localizing subcategories of finite type. Also, a bijective correspon-
dence between the tensor thick subcategories of perfect complexes ’Dpcr(X) and the
tensor localizing subcategories of finite type in Qcoh(X) is established.

§1. INTRODUCTION

In his celebrated paper [1] on Abelian categories, Gabriel proved that for any Noe-
therian scheme X, the assignments

(1.1)  cohX DD+ U suppy(z) and X DU+~ {z € cohX |suppx(z) CU}
xz€D
induce bijections between

(1) the set of all tensor Serre subcategories of coh X, and
(2) the set of all subsets U C X of the form U = J;.q, Y3, where, for all i € Q, Y]
has a quasicompact open complement X \ Y.

As a consequence of this result, X can be reconstructed from its Abelian category, coh X,
of coherent sheaves (see Buan—-Krause—Solberg [2, §8]). Garkusha and Prest [3]—[5] proved
similar classification and reconstruction results for affine and projective schemes.

Given a quasicompact, quasiseparated scheme X, let Dper(X) denote the derived
category of perfect complexes. It comes equipped with a tensor product ® := ®§(. A
thick triangulated subcategory 7 of Dper(X) is said to be a tensor subcategory if for every
E € Dper(X) and every object A € T, the tensor product E® A is also in 7. Thomason [6]
established a classification similar to (1.1) for the tensor thick subcategories of Dper(X)
in terms of the topology of X. Hopkins and Neeman (see [7, 8]) did the same in the case
where X is affine and Noetherian.

On the basis of Thomason’s classification theorem, Balmer [9] reconstructed the Noe-
therian scheme X out of the tensor thick triangulated subcategories of Dper(X). This
result was generalized to quasicompact, quasiseparated schemes by Buan—Krause—Sol-
berg [2].
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The main result of this paper is a generalization of the classification result by Garkusha
and Prest [3]-[5] to schemes. Let X be a quasicompact, quasiseparated scheme. We
denote by Qcoh(X) the category of quasicoherent sheaves. We say that a localizing
subcategory S of Qcoh(X) is of finite type if the canonical functor from the quotient
category Qcoh(X)/S — Qcoh(X) preserves the directed sums.

Theorem (Classification). Let X be a quasicompact, quasiseparated scheme. Then the
maps
Vi S ={F € Qcoh(X) | suppx(F) CV}
and
S—V= U suppx (F)
Fes

induce bijections between

(1) the set of all subsets of the formV =

X\V; forallieQ, and
(2) the set of all tensor localizing subcategories of finite type in Qcoh(X).

icq Vi with quasicompact open complement

As an application of this classification theorem, we show that there is a one-to-one
correspondence between the tensor localizing subcategories of finite type in Qcoh(X) and
the tensor thick subcategories in Dper(X) (cf. [10, 3, 5]).

Theorem. Let X be a quasicompact and quasiseparated scheme. The assignments

TS = {f € Qeoh(X) | suppx (F) € SUPPX(Hn(E))}

nezZ,EcT
and
S—{FE € Dper(X) | H\(E) € S for allm € Z}
induce a bijection between

(1) the set of all tensor thick subcategories of Dper(X), and
(2) the set of all tensor localizing subcategories of finite type in Qcoh(X).

Another application of the classification theorem is the reconstruction theorem. A
common approach in the noncommutative geometry is to study Abelian or triangulated
categories and to think of them as the replacement of an underlying scheme. This idea
goes back to work of Grothendieck and Manin. This approach is justified by the fact
that a Noetherian scheme can be reconstructed from the Abelian category of coherent
sheaves (Gabriel [1]) or by the category of perfect complexes (Balmer [9]). Rosenberg [11]
proved that a quasicompact scheme X is reconstructed from its category of quasicoherent
sheaves.

In this paper we reconstruct a quasicompact, quasiseparated scheme X from Qcoh(X).
Our approach, similar to that used in [3, 4, 5], is entirely different from Rosenberg’s [11]
and is less abstract.

Following Buan-Krause-Solberg [2], we consider the lattice Lf joc,g(X) of tensor lo-
calizing subcategories of finite type in Qcoh(X), and also its prime ideal spectrum
Spec(Qcoh(X)). In a natural way, this space is equipped with a sheaf of commuta-
tive rings Oqeon(x). The following result says that the scheme (X, Ox) is isomorphic to
(SpeC(QCOh(X))’ OQcoh(X))'

Theorem (Recounstruction). Let X be a quasicompact and quasiseparated scheme. Then
there is a natural isomorphism of ringed spaces

f : (Xv OX) - (Spec(QCOh(X))7OQcoh(X))'
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CLASSIFYING FINITE LOCALIZATIONS OF QUASICOHERENT SHEAVES 435

Among other results presented here, we mention Theorem 11, in which the finite
localizations in a locally finitely presented Grothendieck category C are classified in terms
of some topology on the injective spectrum SpC; this generalizes a result of Herzog [12]
and Krause [13] for locally coherent Grothendieck categories, and the classification and
reconstruction theorems for coherent schemes.

§2. LOCALIZATION IN GROTHENDIECK CATEGORIES

The category Qcoh(X) of quasicoherent sheaves over a scheme X is a Grothendieck
category (see [14]), so that we can apply the general localization theory for Grothendieck
categories, which is of great utility in our analysis. For the reader’s convenience we recall
some basic facts of that theory.

We say that a subcategory S of an Abelian category C is a Serre subcategory if for
any short exact sequence

0-X—->Y—>2Z2—-0

in C, the object Y belongs to S if and only if X, Z € §. A Serre subcategory S of a
Grothendieck category C is localizing if it is closed under taking direct limits. Equiva-
lently, the inclusion functor ¢ : & — C admits the right adjoint ¢t = ts : C — S that
takes every object X € C to the maximal subobject ¢(X) of X belonging to S. The
functor t is called the torsion functor. An object C of C is said to be S-torsion free if
t(C) = 0. Given a localizing subcategory S of C, the quotient category C/S consists of
C € C such that t(C') = t}(C) = 0. The objects in C/S are called S-closed objects. For
any C' € C, there exists a canonical exact sequence

0—>A’—>Cﬁ>CS—>A”—>0,

where A’ = t(C), A” € S, and Cs € C/S is the maximal essential extension of
C = C/t(C) such that Cs/C € 8. The object Cs is determined uniquely up to a canon-
ical isomorphism and is called the S-envelope of C. Moreover, the inclusion functor
i : C/S — C has a left adjoint localizing functor (—)s : C — C/S, which is also exact.
It takes each C' € C to Cs € C/S. Then,

Home (X,Y) = Home,s(Xs,Y)

forall X e Cand Y €C/S.
If C and D are Grothendieck categories, ¢ : C — D is an exact functor, and a functor
s : D — C is fully faithful and right adjoint to ¢, then § := Kergq is a localizing

H
subcategory and there exists an equivalence C/S 2 D such that H o (—)s = ¢. We shall
refer to the pair (g, s) as a localization pair.
The following result is an example of a localization pair.

Proposition 1 (cf. [1, §IIL.5; Proposition VI1.3]). Let X be a scheme, and let U be
an open subset of X such that the canonical injection 5 : U — X s a quasicompact
map. Then j.(G) is a quasicoherent Ox-module for any quasicoherent Ox |y-module G,
and the pair of adjoint functors (§*,j«) is a localization pair. That is, the category of
quasicoherent Ox |y-modules Qcoh(U) is equivalent to Qcoh(X)/S, where S = Ker j*.
Moreover, a quasicoherent Ox-module F belongs to the localizing subcategory S if and
only if suppx (F) ={P € X | Fp #0} C Z = X\ U. Also, for any F € Qcoh(X) we
have ts(F) = HY(F), where HY(F) stands for the subsheaf of F with supports in Z.

Proof. The fact that j.(G) is a quasicoherent Ox-module follows from [15, 1.6.9.2].
Clearly, the functor j* : F — F|y is exact, j.(G)|v = j*j«(G) = G by [15, 1.6.9.2].
It follows that j, is fully faithful, and hence (j*, j) is a localization pair.
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The fact that F € S if and only if suppy(F) C Z is obvious. Finally, by [16, Ex.
I1.1.20] we have an exact sequence

0— HY(F) = F L5 4,5 (F).

Since the morphism pr can be regarded as an S-envelope for F, we see that Ker pr =
ts(F) = Hy(F). O

Given a subcategory X of a Grothendieck category C, we denote by /X the smallest
localizing subcategory of C containing X. To describe /X intrinsically, we need the
notion of a subquotient.

Definition. Given objects A, B € C, we say that A is a subquotient of B, or A < B, if
there is a filtration of B by subobjects B = By > By > By > 0 such that A & B;/Bs.
In other words, A is isomorphic to a subobject of a quotient object of B.

Given a subcategory X of C, we denote by (X) the full subcategory of subquotients
of objects from X. Clearly, (X) = ({(X)) because the relation A < B is transitive, and
X = (X) if and only if X is closed under subobjects and quotient objects. If X is closed
under direct sums, then so is (X).

Proposition 2. For any subcategory X of a Grothendieck category C, an object X belongs
to /X if and only if there is a filtration

XoCXiC--CXgC--

such that X =g Xp, Xy = Us, Xp if v is a limit ordinal, and Xo, Xp11/Xp € (XP)
for any B, where X® stands for the subcategory of C consisting of direct sums of objects
mn X.

Proof. Tt is easily seen that every object having such a filtration belongs to /X. It
suffices to show that the full subcategory S of such objects is localizing. Let

X—Y %2z

be a short exact sequence with X, 7 € §. Let Xg C --- C Xg C --- and Zy C --- C
Z, C -+ be the corresponding filtrations. Put Y, = ¢g~(Z,). Then, for any «, we have
a short exact sequence

X —v,5z,

with Yo41/Ye = Zot1/Za. Let the filtrations for X and Z be indexed by well-ordered
sets d and =, respectively. Then we have the following filtration for Y indexed by the
well-ordered set § + :

XoC--CXgC--CX=|JXpCYoC--CYaC:--
B

It follows that Y € S. We see that S is closed under extensions.

Now, let Y € S with a filtration Yy € --- C Y, C ---. Set X, = X NY, and
Zo = Yo/Xa. We get filtrations Xg C - C X, C -+~ and Zy C -+ C Z,4 C --- for
X and Z, respectively. Thus, X,Z € S, so that S is a Serre subcategory. Clearly, it is
closed under direct sums; hence it is localizing. |

Corollary 3. Let X be a subcategory in C closed under subobjects, quotient objects, and

direct sums. An object M € C is \/X-closed if and only if Hom(X, M) = Ext' (X, M) = 0
forall X € X.
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Proof. Suppose Hom (X, M) = Ext' (X, M) = 0 for all X € X. We need to check that
Hom(Y, M) = Ext'(Y, M) = 0 for all Y € \/X. By Proposition 2, there is a filtration

YoCYiC--CYsC -+
such that Y = (J, V3, Y, = Ug., Y5 if v is a limit ordinal, and Yo, Ys41/Ys € (X9) = X.
For any 8, we have an exact sequence
Hom(Y341/Ys, M) — Hom(Yp41, M) — Hom(Y3, M)
— Ext!'(Ys41/Ys, M) — Ext!(Ysy1, M) — Ext(Ys, M).

Hence, if Hom(Ys, M) = Ext' (Y, M) = 0, then Hom(Ysy1, M) = Ext' (Ys,1, M) = 0
because Yj11/Ys € X. Since Yy € X, it follows that Hom(Yj, M) = Ext'(Ys, M) = 0
for all finite .

Let 7 be a limit ordinal, and let Hom(Y3, M) = Extl(YB, M) =0 for all 8 <. We
have Hom(Y,, M) = @607 Hom(Yj3, M) = 0. To show that Ext'(Y,, M) = 0, we need
to prove that every short exact sequence

M—NZLY,
is split. There is a commutative diagram
Eﬁ : M>—— N, 8 & Yg
E,: M>—— N _ry Y,

with Ng = p~1(Yp). Clearly, E, = UB Eg. Since the upper row splits, there exists a
morphism 2z such that pgsg = 1. Consider the following commutative diagram:

bs

M Ng Ys

ug I Ivﬁ

M>—— N5+1 I’Bi)) YB+1
We want to check that sxgiivs = wugsg. Since the right square is Cartesian and
DB+1%p+1Vg = Vg, there exists a unique morphism 7 : Y3 — Ng such that pgr = 1
and ugT = »g41v3. We claim that 7 = 3. Indeed, pg(T — »3) = 0, whence T — 5
factors through M. This is possible only if 7 — s = 0, because Hom(Y3, M) = 0 by
assumption. Therefore, 7 = s5. It follows that the family of morphisms »3 : Yz — Njg
is directed and then p o (li_n}%/g) = (hﬂpﬁ) o (li_n}%/g) = hgq(pﬁ%ﬁ) = 1. Thus, p is
split. O

Recall that the injective spectrum or the Gabriel spectrum SpC of a Grothendieck
category C is the set of isomorphism classes of indecomposable injective objects in C. It
plays an important role in our analysis. Given a subcategory X in C, we denote

(X)={F € SpC | Hom¢(X, FE) # 0 for some X € X}.
Using Proposition 2 and the fact that the functor Hom(—, E'), E' € SpC, is exact, we see
that (X) = Uxex(X) = (V).
Proposition 4. The collection

{(S) | § C C is a localizing subcategory}
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of subsets of SpC satisfies the axioms for the open sets of a topology on the injective
spectrum SpC. This topological space will be denoted by Spgab C. Moreover, the map

(2.1) S—(5)

is an inclusion-preserving bijection between the localizing subcategories S of C and the
open subsets of Spgyy, C.

Proof. First, note that (0) = @ and (C) = SpC. We have (S1) N (Sz2) = (81N S2) because
every E € SpC is uniform and 0 # ts, (F) Nts,(F) € 8§ NSy whenever E € (S1) N (S2).
Also, Uie](si) = (Uie[ Si) = (\/Uiel Si).-

Clearly, the map (2.1) is bijective, because every localizing subcategory S consists
precisely of the objects X such that Hom(X, E) =0 for all E € SpC\ (S). O

For a localizing subcategory S in C, the injective spectrum Spg,},(C/S) can be viewed
as the closed subset Spy,;, C \ (S). Moreover, the inclusion

Spgab(c/s) — Spgab ¢

is a closed map. Indeed, if U is a closed subset in Sp,,;,(C/S), then there is a unique
localizing subcategory 7 in C/S such that U = Sp,,,,(C/S) \ (T). By [17, 1.7] there is
a unique localizing subcategory P in C containing S and such that C/P is equivalent to
(C/S)/T. 1t follows that U = Spy,;, C \ (P), whence U is closed in Sp,,, C.

On the other hand, let Q be a localizing subcategory of C. We show that O :=
(Q) NSpy,;,(C/S) is an open subset in Spg,;,(C/S).

Lemma 5. Let O denote the full subcategory of objects of the form Xs with X € Q. Then
Q is closed under direct sums, subobjects, and quotient objects in C/S, and O = (1/Q).
Moreover, if T is a unique localizing subcategory of C containing S such that C/T =

(€/8)/\/O, then
T=(QUS);

i.e., T s the smallest localizing subcategory containing @ and S. We shall also refer to
T as the join of Q and S.

Proof. First, we prove that QO is closed under direct sums, subobjects, and quotient
objects in C/S. Clearly, it is closed under direct sums. Let Y be a subobject of Xg,
X € Q, and let Ay : X — Xs be the S-envelope for X. Then W = A\ (V) is a
subobject of X, so that it belongs to Q, and Y = Ws. If Z is a C/S-quotient of Xs and
7 : Xs — Z is the canonical projection, then Z = Vs with V = X/Ker(nAx) € Q. So,
@ is also closed under subobjects and quotient objects in C/S.

It follows that (Q®) = Q and (Q) = (,/Q). On the other hand, it is easily seen that
O = (Q). Thus, O is open in SPgab (C/S).

Clearly,

(T) =(QU(S) = (QUS) = (V(QUS)).
By Proposition 4, we have 7 = /(QU S). O
We summarize the above arguments as follows.

Proposition 6. For any localizing subcategory S in C, the topology on Spy,,(C/S) co-
incides with the subspace topology induced by Spg,y, C.
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§3. FINITE LOCALIZATIONS OF GROTHENDIECK CATEGORIES

Mostly, in this paper we are interested in finite localizations of a Grothendieck category
C. For this, we should impose some finiteness conditions on C.

Recall that an object X of a Grothendieck category C is finitely generated if whenever
there are subobjects X; C X with 4 € I satisfying X = >, Xj, there is a finite subset
J C I such that X = »°._, X;. The full subcategory of finitely generated objects is
denoted by fgC. A finitely generated object X is said to be finitely presented if every
epimorphism v : Y — X with Y € fgC has finitely generated kernel Ker~. By fpC we
denote the full subcategory consisting of finitely presented objects. The category C is
locally finitely presented if every object C' € C is a direct limit C' = @Ci of finitely
presented objects C;, or equivalently, if C possesses a family of finitely presented gener-
ators. In such a category, every finitely generated object A € C admits an epimorphism
7 : B — A from a finitely presented object B. Finally, we refer to a finitely presented
object X € C as coherent if every finitely generated subobject of X is finitely presented.
The corresponding full subcategory of coherent objects will be denoted by cohC. A lo-
cally finitely presented category C is locally coherent if conC = fpC. Obviously, a locally
finitely presented category C is locally coherent if and only if coh C is an Abelian category.

In [14] it was shown that the category of quasicoherent sheaves Qcoh(X) over a scheme
X is a locally A-presentable category, where A is a certain regular cardinal. However,
for some nice schemes, most often used in practice in algebraic geometry, such as qua-
sicompact and quasiseparated, there are sufficiently many finitely presented generators
for Qcoh(X).

Proposition 7. Let X be a quasicompact and quasiseparated scheme. Then Qcoh(X) is
a locally finitely presented Grothendieck category. An object F belongs to fp(Qcoh(X))
if and only if it is locally finitely presented.

Proof. By [15, 1.6.9.12], every quasicoherent sheaf is a direct limit of locally finitely
presented sheaves. From [18, Proposition 75] it follows that the locally finitely presented
sheaves are precisely the finitely presented objects in Qcoh(X). |

Recall that a localizing subcategory S of a Grothendieck category C is of finite type
(respectively, of strictly finite type) if the functor ¢ : C/S — C preserves directed sums
(respectively, direct limits). If C is a locally finitely generated (respectively, locally finitely
presented) Grothendieck category and S is of finite type (respectively, of strictly finite
type), then C/S is a locally finitely generated (respectively, locally finitely presented)
Grothendieck category, and

fg(C/S) ={Cs | C € fgC} (respectively, fp(C/S) = {Cs | C € fpC}).
If C is a locally coherent Grothendieck category, then S is of finite type if and only if it
is of strictly finite type (see, e.g., [17, 5.14]). In this case C/S is locally coherent.
The following proposition says that the localizing subcategories of finite type in a

locally finitely presented Grothendieck category C are completely determined by finitely
presented torsion objects (cf. [12, 13]).

Proposition 8. Let S be a localizing subcategory of finite type in a locally finitely pre-
sented Grothendieck category C. Then

S=,/(pCnNS).
Proof. Obviously, /(fpCNS) C S. Let X € S, and let Y be a finitely generated subobject
of X. There is an epimorphism n: Z — Y with Z € fpC. By [17, 5.8], there is a finitely

generated subobject W C Kern such that Z/W € S. Tt follows that Z/W € fpC NS
and Y is an epimorphic image of Z/W. Since X is a direct union of finitely generated
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torsion subobjects, we see that X is an epimorphic image of some €, ; S; with each S;
in fpCNS. Therefore, S C /(fpCNS). O

Lemma 9. Let Q and S be two localizing subcategories in a Grothendieck category C. If
X € C is both Q-closed and S-closed, then it is T = /(QU S)-closed.

Proof. By Lemma 5, C/T = (C/S)//Q, where Q = {Cs € C/S | C € Q} and Q
is closed under direct sums, subobjects, and quotient objects in C/S. To show that
X = X is a T-closed object it suffices to check that X is 1/ O-closed in C /S. Obviously,
Homg/s(A, X) =0 for all A € Q.
Consider a short exact sequence
E:X—Y%Cs

in C/S, where C € Q. One can construct a commutative diagram

’

E X——>Yy >
| | )
E XY 2> Cs

in C, where the right square is Cartesian. Put ¢’ = Im¢ p/; then ¢’ € Q, C5 = Cs, and
the short exact sequence

E' XY 5
splits because Ext}(C’, X) = 0. Tt follows that E splits for E = Ef = E%. Therefore, X
is 4/Q-closed by Corollary 3. O

Below we shall need the following statement.

Lemma 10. For any family of localizing subcategories of finite type {S;}icr in a locally
finitely presented Grothendieck category C, their join T = /(U;c; Si) is a localizing
subcategory of finite type.

Proof. First, we consider the case where I is finite. It suffices to show that the join
T = /(QUS) of two localizing subcategories Q and S of finite type is of finite type.
We must check that the inclusion functor C/7 — C respects directed sums. Clearly, it
suffices to verify that X =", X, is a T-closed object whenever all X,’s are T-closed.
Since @ and S are of finite type, X is both Q-closed and S-closed. Lemma 9 implies
that X is T-closed. Therefore, T is of finite type.

Now, let {S;}ics be an arbitrary set of localizing subcategories of finite type. Without
loss of generality we may assume that I is a directed set and S; C §; for ¢ < j. In-
deed, given a finite subset J C I, denote by Sy the localizing subcategory of finite type
V(U;jes Sj)- Then, obviously, the set R of all finite subsets J of I is directed, S; C S,
for any J C J', and T = /(U cp S7)-

Let X denote the full subcategory of C of the objects that can be presented as directed
sums ) X, with each X, in (J;c; S;. Since I is a directed set and S; C S; for i < j,
it follows that a direct sum X = @, . X with each X, in J;c;Si is in & Indeed,
X =3 X with S running through all finite subsets of I' and Xg = @, c 5 Xy € U, Si-
Therefore, if {X3}gep is a family of subobjects of an object X and each Xz belongs to
Uier Si, then the direct union ) X5 belongs to X

The subcategory X is closed under subobjects and quotient objects. Indeed, let X =
> X, with each X,, in (J,.; Si- Consider a short exact sequence

el &
Y —- X —» Z.
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We set Y, =Y NX, and Z, = X,/Y, C Z. Then both Y, and Z, are in |J
Y=YNXa)=YYNX,=>Y,,and Z=>.7,. So, Y, Z € X.

Clearly, X is closed under directed sums, in particular, under direct sums, whence
X = (X% and T = /X. If we show that every direct limit C' = lim G5 of T-closed
objects Cs has no T-torsion, then from [17, 5.8] it will follow that 7 is of finite type.

Proposition 2 shows that it suffices to check that Home(X,C) = 0 for any object
X € X. Let Y be a finitely generated subobject in X. There is an index iy € I with
Y € S,,, and an epimorphism 7 : Z — Y with Z € fpC. By [17, 5.8], there exists a
finitely generated subobject W of Kern such that Z/W € S;,. Since Z/W € fpC, we
have Hom(Z/W,C) = ligHom(Z/T/V, Cs) = 0. We see that Hom(Y,C) = 0, whence
Hom(X,C) = 0. O

icl Si,

Given a localizing subcategory of finite type S in C, we denote
O0(S) = {E € 5pC | ts(E) #0}.

The next result was obtained by Herzog [12] and Krause [13] for locally coherent
Grothendieck categories and by Garkusha—Prest [5] for the category of modules Mod R
over a commutative ring R.

Theorem 11. Suppose C is a locally finitely presented Grothendieck category. The col-
lection

{O(8) | § C C is a localizing subcategory of finite type}
of subsets of SpC satisfies the axioms for the open sets of a topology on the injective
spectrum SpC. This topological space will be denoted by Spg C, and this topology will be
referred to as the fl-topology (“f” for finite localizations). Moreover, the map

(3.1) S 0(S)

is an inclusion-preserving bijection between the localizing subcategories S of finite type in
C and the open subsets of Spg C.

Proof. First, note that O(S) = (S), O(0) = @, and O(C) = SpC. We have O(S1) N
0O(82) = (81 N'Ss) by Proposition 4. We claim that S; NSy is of finite type, whence
O(81) NO(S2) = O(S81 N'S2). Indeed, consider a morphism f : X — S from a finitely
presented object X to an object S € S§; N'Sy. From [17, 5.8] it follows that there are
finitely generated subobjects X1, X5 C Ker f such that X/X; € S;, ¢ = 0,1. Then
X1+ X5 is a finitely generated subobject of Ker f and X/(X; + X2) € St NS2. By [17,
5.8], S1 NS, is of finite type.

By Lemma 10, /| J;c; Si is of finite type if so is each S;. Proposition 4 implies that
Uier O(Si) = O(U;e1 Si) = O(V/ U,e; Si), and the map (3.1) is bijective. O

Let Lioc(C) denote the lattice of localizing subcategories of C, where, by definition,
SAQ=8NQ, Sva=,/(SUQ)

for any S, Q € Ljoe(C). The proof of Theorem 11 shows that the subset of localizing
subcategories of finite type in Ljoc(C) is a sublattice. We shall denote it by Lt 1oc(C).

Remark. If C is a locally coherent Grothendieck category, the topological space Spy C is
also called in the literature the Ziegler spectrum of C. It arose in Ziegler’s paper [19]
on the model theory of modules. In accordance with the original Ziegler definition, the
points of the Ziegler spectrum of a ring R are the isomorphism classes of indecomposable
pure injective right R-modules. These can be identified with Sp(Rmod, Ab), where
(Rmod, Ab) is the locally coherent Grothendieck category consisting of additive covariant
functors defined on the category of finitely presented left modules R mod and with values
in the category of Abelian groups Ab. Closed subsets correspond to complete theories of
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modules. Later, Herzog [12] and Krause [13] defined the Ziegler topology for arbitrary
locally coherent Grothendieck categories.

Proposition 12. For any localizing subcategory of strictly finite type S in a locally
finitely presented Grothendieck category C, the topology on Spg(C/S) coincides with the
subspace topology induced by Spg C.

Proof. By [17,5.9], C/S is a locally finitely presented Grothendieck category, so that the
fl-topology on Sp(C/S) makes sense. Let O(P) be an open subset of Spgy(C/S) with P a
localizing subcategory of finite type in C/S. There is a unique localizing subcategory T
of C such that (C/S)/P = C/T. We claim that T is of finite type.

Obviously, it suffices to verify that X = >, X, is a T-closed object whenever each
X, is T-closed. Since S and P are of finite type in C and C/S, respectively, X is both
S-closed and P-closed in C and in C/S, respectively. It follows that X is T-closed.
Therefore, T is of finite type and O(P) = Spgy(C/S) N O(T).

Now, let Q be a localizing subcategory of finite type in C. We want to show that
Spa(C/S) N O(Q) is open in Spy(C/S). Let O = {Xs | X € Q}. Then Q is closed under
direct sums, subobjects, and quotient objects in C/S (see the proof of Lemma 5) and
0(Q) = O(v/Q) = Spy(€C/S) N O(Q). We must show that 1/Q is of finite type in C/S.

If we check that every direct limit C' = hgl /s Cs of / O-closed objects Cs has no

/O-torsion, then from [17, 5.8] it will follow that \/Q is of finite type. Obviously, each
Cs is O-closed.

By Proposition 2, it suffices to check that Home(X,C) = 0 for any object X € Q.
Since S is of strictly finite type, we have C' = h_H)l c Cs. Since each Cjs is Q-closed,
lig c Cs has no Q-torsion by [17, 5.8] and the fact that Q is of finite type. There is an
object Y € Q such that Ys = X. Then Hom¢,s(X,C) = Home(Y, lim , Cs) =0, as
required. ([l

§4. THE TOPOLOGICAL SPACE Spy & (X)

In the preceding section we studied some general properties of finite localizations in
locally finitely presented Grothendieck categories and their relationship with the topolog-
ical space Spg C. In this section we introduce and study the topological space Spﬂ7®(X)7
which is of particular importance in practice. Unless otherwise specified, X is assumed
to be a quasicompact and quasiseparated scheme.

Given a quasicompact open subset U C X, we denote Sy = {F € Qcoh(X) | Fly =
0}. Using [17, 5.9] and the fact that F|y € fp(Qcoh(U)) whenever F € fp(Qcoh(X)), we
see that Sy is of strictly finite type. Below we shall need the following statement.

Lemma 13. Let X be a quasicompact and quasiseparated scheme, and let U,V be qua-
sicompact open subsets. Then

Sunv = V/(Su USy).

Proof. Clearly, Syny contains both Sy and Sy, whence Syny D /(Sy U Sy). Let
F € Sunv, and let j : U — X be the canonical inclusion. Then j,j*(F) € Sy. We have
the following exact sequence:

0 = tsy (F) = F 25 j.j*(F).
Since ts, (F) € Sy and Im(Ar) € Sy, we see that F € \/(Sy USy). O

We denote by Spg(X) the topological space Spg(Qcoh(X)).
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Corollary 14. Let X be a quasicompact and quasiseparated scheme and let X = U UV,
where U,V are quasicompact open subsets. Then

Sp(X) = Sp(U) U Sp(V), Sp(UNV) =Sp(U)NSp(V),
Spa(X) = Spa(U) U Spy(V), Spa(UNV) = Spg(U) N Spa(V).
Proof. This follows from the fact that Sy NSy = 0, Propositions 1, 4, 6, 12, Theorem 11,
and Lemma 13. O

Let Lioc(X) (respectively, Leoc(X)) denote the lattice Lio.(Qcoh(X)) (respectively,
Lt 10c(Qcoh(X))). By Proposition 4 and Theorem 11, the map Lioe(X) — Lopen(Sp(X))
(respectively, L¢1oc(X) = Lopen(Spa(X))) is a lattice isomorphism. Suppose U C X is a
quasicompact open subset. Then the map

aX,U : Lloc(X) — Lloc(U)a S = \/(§|U)a

where S|y = {Fly = Fs, | F € S}, is a lattice map. If V is another quasicompact
subset of X such that X = U UV, then, obviously,

ax.UnV = QU,Unv © XU = Qy,unv © OX,V-
By the proof of Proposition 12, ax uy(S) € Liioc(U) for every S € Lgoc(U). Thus, we
have a map
axu t Liioc(X) = Liioc(U).
The notion of a pullback for lattices satisfying the obvious universal property is defined
easily.
Lemma 15. The commutative squares of lattices

ax,.u

Lioe(X) —— Lioc(U)

0’X,Vl laU,UﬁV

Lioe(V) 222 Liee(UNV)

and
Lf.loc(X) i) Lf.loc(U)

QX’VJ, J{aU,UﬁV

Lf.loc(v) oy Lf.loc(U N V)
are pullback.

Proof. Tt suffices to observe that the commutative squares in the lemma are isomorphic
to the corresponding pullback squares of lattices of open sets

ax,u

Lopen(sp(X)) - LOPen(Sp(U))

ax,vl lau,umv

av,unv

Lopen(Sp(V)) ———— Lopen(SP(UNYV))

and
Lopen (Spa(X)) e Lopen(Spa(U))
ax,vl laU,Umv
Lopen(Spa(V)) Sl Lopen(Spa(UNV))
(see Proposition 4, Theorem 11, and Corollary 14). O
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Recall that Qcoh(X) is monoidal, and the tensor product ®x is right exact and
preserves direct limits (see [20, §I1.2]).

Definition. A localizing subcategory S of Qcoh(X) is said to be tensor if F@x G € S
for every F € S and G € Qcoh(X).

Lemma 16. A localizing subcategory of finite type S C Qcoh(X) is tensor if and only if
FRx GeS for every F € S Nip(Qeoh(X)) and G € fp(Qeoh(X)).

Proof. 1t suffices to observe that every F € S is a quotient object of the direct sum of
objects from S N fp(Qcoh(X)) and that every object G € Qcoh(X) is a direct limit of
finitely presented objects. (Il

Lemma 17. Let X C Qcoh(X) be a tensor subcategory closed under direct sums, sub-
objects, and quotient objects. Then /X is a tensor localizing subcategory.

Proof. By Proposition 2, an object F belongs to /X if and only if there is a filtration
FoCFiC--CFgC-

such that F = Uy Fg, Fy = Ug-, Fp if v is a limit ordinal, and Fo, Fpi1/Fp € (X9) =
X.

We have Fp ®x G € X for any G € Qcoh(X). Suppose 8 =a+1and F, ®x G € /X.
There is an exact sequence

fa@XgLFB®Xg_>(]:ﬁ/fa)@Xg_)O-
Since (Fg/Fa) ®x G € X and Im f € /X, we see that F3 @x G € /X. If v is a limit
ordinal and Fg ®x G € /X for all B < «, then F, ®x § = @5<7(f5 ®x G) € VX.
Therefore, /X is tensor. O

The next statement is of great importance in this paper.

Reduction principle. Let & be the class of quasicompact and quasiseparated schemes,
and let P be a property satisfied by some schemes in &. Moreover, assume the following.

(1) P is true for affine schemes.
(2) If X € 6, X =U UV, where U,V are quasicompact open subsets of X, and P
holds for U,V , and U NV, then it holds for X.

Then P holds for all schemes from &.
Proof. See the proof in [21, 3.9.2.4] and [22, 3.3.1]. O

Lemma 18. The join T = /(S U Q) of two tensor localizing subcategories S, Q C
Qcoh(X) is tensor.

Proof. We use the reduction principle to demonstrate the lemma. It is true for affine
schemes, because every localizing subcategory is tensor in this case. Suppose X = UUV,
where U,V are quasicompact open subsets of X, and the assertion is true for U, V, and
U NV. We must show that it is true for X itself.

We have the following relation:

ax,u(T) = (V(8[)) V (v(Qlv))-
For any F,G € Qcoh(X), there is a canonical isomorphism (see [20, 11.2.3.5])
(Flv) @uv (Glo) = (F @x G)lu-

It follows that both & |y and @\U are closed under tensor products. By Lemma 17,
both /S|y and 1/Q|y are tensor. By assumption, the join of two tensor localizing
subcategories in Qcoh(U) is tensor, whence ax, 7 (7T) is tensor. For the same reasons,
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ax,v(T) is tensor. Obviously, T is tensor whenever so are ax y(7) and ax v (T).

Therefore, T is also tensor, and now our assertion follows from the reduction principle.
O

Given a tensor localizing subcategory S of finite type in Qcoh(X), we denote
O(S8) ={€ € Sp(X) | ts(€) # 0}
Theorem 19. The collection
{O(8) | § € Qcoh(X) is a tensor localizing subcategory of finite type}

of subsets of the injective spectrum Sp(X) satisfies the axioms for the open sets of a
topology on Sp(X). This topological space will be denoted by Spy o(X), and this topology
will be referred to as the tensor fl-topology. Moreover, the map

(4.1) S 0(S)

is an inclusion-preserving bijection between the tensor localizing subcategories S of finite
type in Qcoh(X) and the open subsets of Spy & (X).

Proof. Obviously, the intersection S1 NSy of two tensor localizing subcategories of finite
type is a tensor localizing subcategory of finite type; hence, O(S1 N Sz) = O(S1) NO(S2)
by Theorem 11.

Now we show that the join 7 = /({J;c; Si) of tensor localizing subcategories of finite
type S; is tensor. By induction and Lemma 18, T is tensor whenever [ is finite. Now,
without loss of generality, we may assume that I is a directed index set and S; C S;
for any ¢ < j. By the proof of Lemma 10, 7 = /X, where X is the full subcategory
in Qcoh(X) of objects that can be presented as directed sums > F,, with each F, in
Uier Si- Then X' is closed under direct sums, subobjects, and quotient objects. It is also
closed under tensor product, because ® x commutes with direct limits. By Lemma 17,
T is tensor, and by Lemma 10, T is of finite type.

Theorem 11 implies that O(v/(U;c;Si)) = U;er O(Si) and the map (4.1) is a

bijection. O
We denote by Lt ioc,e(X) the lattice of tensor localizing subcategories of finite type
in Qcoh(X).
Corollary 20. The commutative square of lattices
Lt 10c,0(X) =xe, Lt 10c,0(U)
ax.v l lau,mv
ay,unv

Lf.loc,@(v) —_— Lf.loc,@(U N V)
is pullback.

Proof. The proof is similar to that of Lemma 15. ]

§5. THE CLASSIFICATION THEOREM

We recall (see [23]) that a topological space is spectral if it is Ty and quasicompact,
the quasicompact open subsets are closed under finite intersections and form an open
basis, and every nonempty irreducible closed subset has a generic point. Given a spec-
tral topological space X, Hochster [23] endowed the underlying set with a new, “dual”,
topology, denoted X*, by taking as open sets those of the form Y = [J;cq Yi, where
Y; has quasicompact open complement X \'Y; for all i« € Q. Then X* is spectral and
(X*)* = X (see [23, Proposition 8]).
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As an example, the underlying topological space of a quasicompact, quasiseparated
scheme X is spectral. In this section we show that the tensor localizing subcategories of
finite type in Qcoh(X) are in one-to-one correspondence with the open subsets of X*.
Unless otherwise specified, X is assumed to be a quasicompact, quasiseparated scheme.

Given a quasicompact open subset D C X, we denote Sp = {F € Qcoh(X) |
Flp =0}.

Proposition 21. For any open subset O = |J; O; C X*, where each D; = X \ O; is

quasicompact and open in X, the subcategory S = {F € Qcoh(X) | suppx(F) C O} is a
tensor localizing subcategory of finite type, and S = +/(U; Sp,).

Proof. Given a short exact sequence
F'— F— F",

in Qcoh(X), we have suppy (F) = suppx (F') Usuppx (F"). It follows that S is a Serre
subcategory. It is also closed under direct sums, hence localizing, because suppx (€D, F;)

= U suppx (Fi).

We use the reduction principle to show that S is a tensor localizing subcategory of
finite type and S = /(U; Sp,). It is the case for affine schemes (see [5, 2.2]). Suppose
X =U UV, where U,V are quasicompact open subsets of X, and the assertion is true
for U,V, and U N V. We need to show that it is true for X itself.

For any F € Qcoh(X) we have

suppx (F) = suppy (Flu) Usuppy (Flv).
Clearly, O N U is open in U* and suppy (Fly) € ONVU for any F € S. We see that
Sly = {Fly = Fs, | F € S} is contained in S(U) = {F € Qcoh(U) | suppy (F) C
ONU}. By assumption, S(U) is a tensor localizing subcategory of finite type in Qcoh(U)
and S(U) = /(U; Sp,nv). We have S(U) D /(S|y). Similarly, S(V) > /(S]y) and
S(V) =v(U;Spinv)-

Since

Lem. 13
avvnv(Sp,av) = av.onv (Spav) = Spinvnv

{F € Qeoh(UNV) | suppyny (F) CO;NUNV},

Pr(i). 1

it follows that
avunv(SWU)) = avunv(S(V)) =SUNYV)

= {F € Qeoh(U N V) | suppyry (F) CONU NV} = (| Spirwnv).
I

By Corollary 20, there is a unique tensor localizing subcategory of finite type T €
Lioe,(X) such that /(T|y) = SWU), V(Tly) = S(V) and T = /(U;Sp,). By
construction, suppy (F) C O for all F € T, whence T C S, /(Tlv) € v(Slv),
V(TIv) € V(S|v). Therefore, S(V) = /(S|v) and S(V) = /(S|v). By Corollary 20,
we have S = T. O

Let X = U UV with U,V open and quasicompact. Then X* = U* U V* and both
U* and V* are closed subsets of X*. Let Y € Lopen(X™); then Y = J,; Y;, where each
D; :== X\ Y; is an open and quasicompact subset in X. Since each D; N U is an open
and quasicompact subset in U, it follows that Y N U = (J;(Y; NU) € Lopen(U*). Then
the map

Bx.w ¢ Lopen(X*) = Lopen(U*), Y Y NU

is a lattice map. The lattice map Bx,v : Lopen(X™) = Lopen(V™*) is defined similarly.
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Lemma 22. The square

Bx,u

Lopen(X*) — Lopen(U*)

ﬂx,vl lﬂU,UﬁV

Lopen(V*) 2252 Lo (U NV)¥)
is commutative and pullback.
Proof. 1t is easily seen that the lattice maps
Y € Lopen(X*) = (Y NU,Y NV) € Lopen(U*) 11 Lopen(V*)
Lopen((UNV)*)

and
(Yh }/2) € Lopen(U*) H Lopen(v*) — Yi U Y2 S Lopen(X*)
Lopen ((UNV)*)
are mutually inverse. O

Lemma 23. Given a subcategory X in Qcoh(X), we have

U suppx (F) = U suppx (F).

Fex FeyX

Proof. Since suppx (D; Fi) = U, suppx (Fi) and suppx (F) = suppx (F') Usuppx (F")
for any short exact sequence F' — F — F” in Qcoh(X), we may assume that X is closed

under subobjects, quotient objects, and direct sums, ie., X = (¥®). If F = >, F;, we
also have suppy (F) C |J; suppx (Fi). Now our assertion follows from Proposition 2. [

Lemma 24. For any tensor localizing subcategory of finite type S € Li joc,o(X), the set
Y = | suppx(F)
FeS
is open in X*.
Proof. We use the reduction principle to show that ¥ € Lopen(X ™). This is the case for
the affine schemes (see [5, 2.2]). Suppose X = UUV, where U,V are quasicompact open
subsets of X, and the assertion is true for U, V, and U N V. We need to show that it is

true for X itself.
By Corollary 20,

ax,u(8) = V(Slv) € Litoes(U) and  axv(S) = V(S|v) € Lo, (V).
By assumption,
Yi = U suppU(]:) € Lopen(U*)

FeJSlu

and
Vo= |J suppy(F) € Lopen (V7).

FeSly

By Lemma 23,
Y, = U suppy (F) = U suppy (Flu)
FeSlu Fes

and

Ya= J suppy(F) = |J suppy(Flv).
.7:63‘\/ Fes
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For every F € Qcoh(X) we have suppy(F) = suppy(Fluv) U suppy (Fly). Therefore,
Yi=YNUand Yo=Y NV. By Lemma 22, Y =Y, UY3 € Lopen (X™). a

Now we are in a position to prove the main result of the paper.

Theorem 25 (Classification; see Garkusha—Prest [5] for affine schemes). Let X be a
quasicompact, quasiseparated scheme. Then the maps

Y &5 S(Y) = {F € Qeoh(X) | suppy (F) C Y}
and
S5 v(8) = | suppx(F)
FeS

induce bijections between

(1) the set of all subsets of the form Y = ;.o Yi such that Y; has a quasicompact

open complement X \'Y; for all i € Q; i.e., the set of all open subsets of X*, and

(2) the set of all tensor localizing subcategories of finite type in Qcoh(X).
Moreover, S(Y) = /(Uie; S(Yi)) = V(Uicr Sp,), where D; = X \'Y; and Sp, =
{F € Qcoh(X) | F|p, = 0}.

Proof. By Proposition 21 and Lemma 24, ¢px (Y") € Lf1oc,0(X) and ¥x(S) € Lopen(X™).
We have lattice maps

Yx - Lopen(X*) — Lf.loc,®(X)7 wX : Lf.loc,®(X) — Lopen(X*)-

We use the reduction principle to show that ¢ x¥x =1 and ¥xpx = 1. This is the case
for the affine schemes (see [5, 2.2]). Suppose X = U UV, where U,V are quasicompact
open subsets of X, and the assertion is true for U, V, and U N'V. We need to show that
it is true for X itself.

Consider the following commutative diagram of lattices:

* Bv,unv "
Lopcn(v ) Lopcn((Uﬂ V) )
Lopen (X*) \L Lopen(U*) Yunv
Px Lf.loc,@(v) ................................... . Lf.loc,@(U N V)
/ | ax.u /
Lf-1007®(X) \L : Li’.loc,@(U) Yunv
oy Lopen(V*) ................................... . Lopen((U N V)*)
/ /
Lopen (X*) Bx.u Lopen(U*)

By assumption, all vertical arrows except ¢x,®x are bijections. Namely, the maps
vu, Yy (respectively, v,y and oynv,¥uny) are mutual inverses. Since each hori-
zontal square is pullback (see Corollary 20 and Lemma 22), it follows that ¢x,¥x are
mutual inverses.

The fact that S(Y) = /(U;e; S(Y:)) = V/(Uier Slp,;) is a consequence of Proposi-
tions 1 and 21. The theorem is proved. O

We denote by Dper(X) the derived category of perfect complexes, i.e., the homotopy
category of the complexes of sheaves of Ox-modules that are locally quasi-isomorphic to
a bounded complex of free Ox-modules of finite type. We say that a thick triangulated
subcategory A C Dper(X) is a tensor subcategory if for each object E in Dpe,(X) and
each A in A, the derived tensor product F ®% A is also in A.
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Let F be a complex of sheaves of Ox-modules. The cohomological support of E is the
subspace supph x (E) C X of all points € X at which the stalk complex of O x ,-modules
E, is not acyclic. Thus supphy (E) = U, ¢z suppx (H,(F)) is the union of the supports
in the classical sense of the cohomology sheaves of E.

We shall write Linick(Dper(X)) to denote the lattice of all thick subcategories of

Dyper (X).
Theorem 26 (Thomason [6]). Let X be a quasicompact and quasiseparated scheme. The
assignments
T € Linick(Dper(X)) == Y(T) = | supph(E)
EeT
and

Y € Lopen(X*) = T(Y) = {E € Dper(X) | supphx (E) C Y}
are mutually inverse lattice isomorphisms.

The next result says that there is a one-to-one correspondence between the tensor
thick subcategories of perfect complexes and the tensor localizing subcategories of finite
type of quasicoherent sheaves.

Theorem 27 (see Garkusha—Prest [5] for affine schemes). Let X be a quasicompact and
quasiseparated scheme. The assignments

T € Liniek(Dper( X)) +25 S = {F € Qeoh(X) | suppy (F) C Y (T)}

and
S € Litoe,o(X) = {E € Dper(X) | Ho(E) € S for alln € Z}
are mutually inverse lattice isomorphisms.

Proof. Consider the diagram
Lopcn (X*

)
ST
(X) (D

Linick per (X))
in which ¢, v are the lattice maps described in Theorems 25 and 26. Using the fact that
supphx (E) = U,czsuppx (Hn(E)), E € Dper(X), and Theorems 25, 26, we see that
To=vand pr =¢. Then pr =pro ' =pp ' =land rp=1ov ! =vv=1 = 1. (]

Lf.loc7®

-
p

§6. THE ZARISKI TOPOLOGY ON Sp(X)

We are going to construct two maps
a: X —Sp(X) and fB: Sp(X)— X.
For any P € X there is an affine neighborhood U = Spec R of P. Let Ep denote
the injective hull of the quotient module R/P. Then Ep is an indecomposable injec-
tive R-module. By Proposition 1, Mod R can be regarded as the quotient category
Qcoh(X)/Sy with Sy = Ker jf;, where jy : U — X is the canonical injection. There-
fore, ju.« : Mod R — Qcoh(X) takes injectives to injectives. We set

a(P) = jux(Ep) € Sp(X).

The definition of « does not depend on the choice of an affine neighborhood U. In-
deed, let P € V = SpecS with S a commutative ring. Then jy.(Ep) & jv.(Ep) =
Jjunv«(Ep), so that these elements represent one and the same element in Sp(X). We
denote it by Ep.
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Now we define the map . Let X = U?:l U;, where each U; = Spec R; is an affine
scheme, and let £ € Sp(X). Then £ has no Sy,-torsion for some ¢ < n, because
Ni_,Sv; =0 and & is uniform. Since Mod R; is equivalent to Qcoh(X)/Sy,, € can
be regarded as an indecomposable injective R;-module. Set P = P(£) to be the sum
of annihilator ideals in R; of nonzero elements (equivalently, of nonzero submodules) of
£. Since £ is uniform, the set of annihilator ideals of nonzero elements of £ is closed
under finite sums. It is easy to check (see [25, 9.2]) that P(£) is a prime ideal. By
construction, P(€) € U;. Clearly, the definition of P(£) does not depend on the choice
of U; and P(Ep) = P. Putting B(E) = P(E), we see that fa = 1x. In particular, « is
an embedding of X into Sp(X). We shall view this embedding as identification.

Given a commutative coherent ring R and an indecomposable injective R-module
E € SpR, Prest [25, 9.6] observed that F is elementarily equivalent to Epg) in the
first order language of modules. Translated from model-theoretic idioms to algebraic
language, this fact says that every localizing subcategory of finite type S € L¢ 1o.(Mod R)
is cogenerated by prime ideals. More precisely, there is a set D C Spec R such that
S € S if and only if Hompg(S, Ep) = 0 for all P € D. This fact was generalized to all
commutative rings by Garkusha—Prest [5]. Moreover, D = Spec R\ [Jg.g suppr(S5).

Proposition 28. Let £ € Sp(X), and let P(E) € X be the point defined above. Then
& and Epgy are topologically indistinguishable in Spg(X). In other words, for every
S € Lioc(X), the sheaf € has no S-torsion if and only if Epgy has no S-torsion.

Proof. Let U = Spec R C X be such that £ has no Sy-torsion. Then P(E) € U and
& and Ep(g) have no Sy-torsion. These can also be viewed as indecomposable injective
R-modules, because Qcoh(X)/Sy = Mod R by Proposition 1. Denote 8’ = ax y(S) €
Lt 10c(Mod R). Then € has no S-torsion in Qeoh(X) if and only if £ has no &'-torsion in
Mod R. Now our claim follows from [5, 3.5]. O

Corollary 29. If S € Lt joc,0(X), then O(S)NX =Y (S), where

Y(S) = U suppx (F) € Lopen(X*)'
FeS
Proof. If £ € O(S) and U = SpecR C X is such that £ has no Sy-torsion, then
P(&) € U and Epgy € O(S) by Proposition 28. Let 8" = ax uy(S) € Liioc(ModR).
We have Y(S’) := Uges suppr(S) C Y(S). By the proof of Proposition 28, Ep(g) has
S'-torsion. Then there is a finitely generated ideal I C R such that R/I € &’ and
Hompg(R/I,Ep(s)) # 0. From [5, 3.4] it follows that P(£) € Y(S’), whence O(S)N X C

Y (S).

Conversely, if P € Y(S)NU, then £p has S’-torsion by [5, 3.4]. Therefore, £p €
O(8") C O(S). Tt follows that O(S)N X DY (S). O
Proposition 30 (cf. [5, 3.7]). Let X be a quasicompact and quasiseparated scheme. Then
the maps

Y € Lopen(X*) % Oy = {€ € Sp(X) | P(§) € Y}
and

O € Lopen(Spp.o(X)) = Yo ={P(£) e X* | €€ O} =O0N X"
induce a one-to-one correspondence between the lattices of open sets of X* and those of
5Pﬂ,®(X)~

Proof. Let S(Y) = {F € Qcoh(X) | suppx(F) C Y} € Lijoe,n(X); then Y = Y(S(Y))
by the classification theorem, and O(S(Y)) N X =Y by Corollary 29. It follows that
O(S(Y)) € Oy. On the other hand, if £ € Oy, then the proof of Corollary 29 shows that
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Epey € O(S(Y)). Proposition 28 implies that £ € O(S(Y')), whence O(S(Y)) D Oy.
We see that Oy = O(S(Y)) € Lopen(Spa,g(X))-

Let O € Lopen(Spg,g(X)). By Theorem 19, there is a unique S € Lt joc,0(X) such
that O = O(S). By Corollary 29, ONX =Y(S) = Yo, so that Yo € Lopen(X*). Now
it is easy to verify that Yp, =Y and Oy, = O. O

We note that a subset Y C X™* is open and quasicompact in X* if and only if X \' YV
is an open and quasicompact subset in X.

Proposition 31. An open subset O € Lopen(SpPg (X)) is quasicompact if and only if it
is of the form O = O(S(Y)), where Y is an open and quasicompact subset in X*. The
space Spg (X) is quasicompact, the quasicompact open subsets are closed under finite
intersections and form an open basis, and every nonempty irreducible closed subset has
a generic point.

Proof. Let O € Lopen(Spg,g (X)) be quasicompact. By Theorem 19, there is a unique
S € Lijoe,e(X) such that O = O(S). By the classification theorem, & = S(Y) =
V(U 8(Yi)), where Y = Uzcssuppx(F) € Lopen(X™), each Y; is such that X \'Y;
is an open and quasicompact subset of X, and Y = (J;Y;. Then O = (J, O(S(Y3)).
Since O is quasicompact, there is a finite subset J C I such that O = [J; O(S(Y;)) =
O(V(U;8(Y5))) = O(S(U, Ys)). Since X is spectral, X \ (U, Y;) = N,(X\Y;) is an
open and quasicompact subset in X.

Conversely, let O = O(S(Y)), where X \ 'Y is an open and quasicompact subset in X,
and let O = (J; O; with O; € Lopen(Spg (X)). By Theorem 19, there are unique S; €
Lt 1oc,»(X) such that O; = O(S;) and S(Y) = /(U; Si)- We set Y; = Ures, suppx (F)
for each 7 € I. By Lemma 23 and the classification theorem, we have Y =, ¥;. Since
Y is quasicompact in X*, there is a finite subset J C I such that Y =, Y;. It follows
that S(Y) = /(U; Si) and O =, O;.

The space Spy o (X) is quasicompact because it equals O(S(X*)) and X* is quasi-
compact. The quasicompact open subsets are closed under finite intersections, because
O(S(Y1)) NO(S(Y2)) = O(S(Y1 NYs)) with Y7, Y3 open and quasicompact in X*. Since
OS(Y)) = U; O(S(Y;)), where Y = |J;Y; and each Y; is an open and quasicompact
subset in X*, the quasicompact open subsets also form an open basis.

Finally, from Corollary 29 it follows that a subset U of Spg o (X) is closed and irre-

ducible if and only if so is U:=UnX*. Since X* is spectral, U has a generic point P.
The point Ep € U is generic. |

In general, the space Spy & (X) is not Ty (see [3]); nevertheless, we give the same
definition for (Spg q(X))* as for spectral spaces and denote this space by Sp,,, (X).
By definition, Q € Lopen(Sp,ay (X)) if and only if @ = (J; Q; with each Q, having a
quasicompact and open complement in Spg & (X). The topology on Sp,,, (X) will also
be referred to as the Zariski topology. Notice that the Zariski topology on Sp,,, (Spec R),
where R is coherent, coincides with the Zariski topology on the injective spectrum Sp R
in the sense of Prest [25].

Theorem 32 (cf. Garkusha—Prest [3, 4, 5]). Let X be a quasicompact and quasiseparated
scheme. The space X is dense and is a retract in Sp,,,(X). A left inverse to the
embedding X — Sp,a.(X) takes £ € Sp,,,.(X) to P(E) € X. Moreover, Sp,,.(X) is
quasicompact, the basic open subsets Q, where Sp(X) \ Q is a quasicompact and open
subset in Spﬂ,®(X), are quasicompact, the intersection of two quasicompact open subsets
is quasicompact, and every nonempty irreducible closed subset has a generic point.

Proof. Let Q € Lopen(Sp,ar(X)) be such that O := Sp(X) \ Q is a quasicompact and
open subset in Spy o (X), and let Y = ONX and D = X \Y = QN X. Since Y is a
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quasicompact subset in X*, we see that D is a quasicompact subset in X. Observe that
O = O(Sp), where Sp = {F € Qcoh(X) | F|p = 0}. Clearly, X is dense in Sp,,, (X),
and o : X — Sp,,,(X) is a continuous map.

The map § : Sp,,(X) = X, € — P(E), is left inverse to a. Obviously, /3 is continuous.
Thus, X is a retract of Sp,,,(X).

We show that the basic open set Q is quasicompact. Let Q = UiGQ Q;, whence each
Sp(X)\ Q; is a quasicompact and open subset in Spy o (X), and let D; := Q; N X. Since
D is quasicompact, we have D = Uieszo D; for some finite subset g C 2.

Assume £ € Q\U,¢q, Qi- By Proposition 30, P(€) € QNX = D = {J,q, Di. Propo-
sition 30 implies that £ € Q;, for some iy € 2y, a contradiction. So, Q is quasicompact.
Also, it follows that the intersection of two quasicompact open subsets is quasicompact
and that Sp,,,(X) is quasicompact.

Finally, from Corollary 29 it follows that a subset U of szar( ) is closed and irre-
ducible if and only if so is U:=UnX. Since X is spectral, U has a generic point P.
The point Ep € U is generic. ]

Corollary 33. Let X be a quasicompact and quasiseparated scheme. Then
szar(X) = (Spﬂ,®(X))* and Spﬁ,@(X) = (szar(X))*'

Though the space Sp,,,(X) is strictly larger than X in general (see [3]), their lattices
of open subsets are isomorphic. More precisely, Proposition 30 shows that the maps

D € Lopen(X) — Qp ={€ €Sp(X) | P(€) € D}
and
Q € Lopen(Spyar(X)) = Do ={P(£) e X | € Q} =Q2NX
induce a one-to-one correspondence between the lattices of open sets of X and those of

Sp,ar (X). Moreover, sheaves do not see any difference between X and Sp,,,(X). Namely,
the following is true.

Proposition 34. Let X be a quasicompact and quasiseparated scheme. Then the maps
of topological spaces o : X — Sp,,.(X) and 8 : Sp,,,(X) = X induce isomorphisms

Be : Sh(SP,ar(X)) — Sh(X), @ : Sh(X) — Sh(Sp,a (X))
of categories of sheaves.
Proof. Since pa = 1, it follows that S.a,. = 1. By definition, 8.(F)(D) = F(Qp) for
any F € Sh(Sp,.,(X)); next, D € Lopen(X) and .. (G)(Q) = G(Dg) for any G € Sh(X)
and Q € Lopen(Sp,ar(X)). We have

.. (F)(Q) = B.(F)(Dg) = F(Qpg) = F(Q).

Thus, a8 = 1, so that a,, 8, are mutually inverse isomorphisms. O

Let Os, (x) be the sheaf of commutative rings . (Ox); clearly, (Sp,., (X), Osp.  (x))
is a locally ringed space. If we set af : Os,,..(x) = @xOx and B Ox — B«Osp,. (x) tO
be the identity maps, then the map of locally ringed spaces

(aﬂau) : (X, OX) - (szar(X)’OSpmr(X))
is right inverse to
(6 6ﬁ) (szar( )7Oszar(X)) - (X7 OX)

Observe that it is not a scheme in general, because Sp,,.(X) is not a Ty-space. Proposi-
tion 34 implies that the categories of the Os;,  (x)-modules and Ox-modules are natu-
rally isomorphic.
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§7. THE PRIME SPECTRUM OF AN IDEAL LATTICE

Inspired by a recent paper of Balmer (see [24]), Buan, Krause, and Solberg [2] intro-
duced the notion of an ideal lattice and studied its prime ideal spectrum. Applications
arise in Abelian or triangulated tensor categories.

Definition (Buan, Krause, and Solberg [2]). An ideal lattice is a partially ordered set
L = (L, <) together with an associative multiplication L x L — L with the following
properties.

(L1) The poset L is a complete lattice; that is,

sup A = \/ a and infA = /\ a
a€A acA
exist in L for every subset A C L.
(L2) The lattice L is compactly generated; that is, every element in L is the supremum
of a set of compact elements. (An element a € L is compact if for all A C L with
a < sup A there exists some finite A’ C A with a <sup A".)
(L3) For all a,b,c € L we have

a(bVe)=abVac and (aVb)c=acV be.

(L4) The element 1 = sup L is compact, and la = a = al for all a € L.
(L5) The product of two compact elements is again compact.

A morphism p: L — L’ of ideal lattices is a map satisfying

90(\/‘1): \/SO(G) for ACL,

acA acA
e(l)=1 and ¢(ab) = ¢(a)p(b) for a,be L.

Let L be an ideal lattice. Following [2], we define the spectrum of prime elements in
L. An element p # 1 in L is prime if ab < p implies a < p or b < p for all a,b € L. We
denote by Spec L the set of prime elements in L and, for each a € L, define

V(a)={peSpecL |a<p} and D(a)={peSpecL|a<Lp}.

The subsets of Spec L of the form V(a) are closed under forming arbitrary intersections
and finite unions. More precisely,

V( \/ ai) — (V(a;) and V(ab) = V(a)UV(b).
ieQ ieQ

Thus, we obtain the Zariski topology on Spec L by declaring a subset of Spec L to be
closed if it is of the form V(a) for some a € L. The set Spec L endowed with this
topology is called the prime spectrum of L. Note that the sets of the form D(a) with
compact a € L form a basis of open sets. The prime spectrum Spec L of an ideal lattice
L is spectral [2, 2.5].

There is a close relationship between spectral spaces and ideal lattices. Given a topo-
logical space X, we denote by Lopen(X) the lattice of open subsets of X and consider
the multiplication map

Lopen(X) X Lopen(X) = Lopen(X), (U, V)~ UV =UnNV.

The lattice Lopen(X) is complete.
The following result, which appeared in [2], is part of the Stone duality theorem (see,

e.g., [26]).
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Proposition 35. Let X be a spectral space. Then Lopen(X) is an ideal lattice. Moreover,
the map L
X — Spec Lopen(X), z+— X\ {z},

is a homeomorphism.
The next statement is deduced from the classification theorem.

Proposition 36. Let X be a quasicompact and quasiseparated scheme. Then Ly 10c g (X)
is an ideal lattice.

Proof. The space X is spectral. Thus, X* is spectral, and Lopen(X™) is an ideal lattice
by Proposition 35. By the classification theorem, we have the isomorphism Lopen (X™*) =
Lt 1oc,0(X). Therefore, L joc,¢(X) is an ideal lattice. |

Proposition 31 implies that S € Ly 100, (X) is compact if and only if S = S(Y") with
Y € Lopen(X*) compact.

Corollary 37. Let X be a quasicompact and quasiseparated scheme. The points of

Spec L 10c,0 (X) are the N-irreducible tensor localizing subcategories of finite type in
Qcoh(X), and the map

[ X* = SpecLiioe,p(X), P+ Sp={FeQcoh(X)|Fp=0}
is a homeomorphism of spaces.

Proof. This is a consequence of the classification theorem and Propositions 35 and 36. [

§8. RECONSTRUCTING QUASICOMPACT, QUASISEPARATED SCHEMES

Let X be a quasicompact and quasiseparated scheme. We write Spec(Qcoh(X)) :=
(Spec Li 10¢,0 (X))* and supp(F) := {P € Spec(Qcoh(X)) | F ¢ P} for F € Qcoh(X).
From Corollary 37 it follows that

supp (F) = f " (supp(F)).
Following [24, 2], we define a structure sheaf on Spec(Qcoh(X)) as follows. For an
open subset U C Spec(Qcoh(X)), we put
Sy = {F € Qeoh(X) | supp(F)NU = &}
and observe that Sy = {F | Fp = 0 for all P € f~1(U)} is a tensor localizing subcate-
gory. We obtain a presheaf of rings on Spec(Qcoh(X)):
U = Endqeon(x)/sy (Ox)-

If V C U are open subsets, then the restriction map

Endqeon(x) /s, (Ox) = Endqeon(x) /sy (Ox)
is induced by the quotient functor Qcoh(X)/Sy — Qcoh(X)/Sy. The sheafification
is called the structure sheaf of Qcoh(X) and is denoted by Oqcon(x). Next, let P €
Spec(Qcoh (X)), and let P := f~!(P). There is an affine neighborhood Spec R of P. We
have
Oqeon(x),p = lim Endyioq /s, (R) = Rp = Ox p.
Pel

The second isomorphism follows from [5, §8]. We see that each stalk Oqeon(x),p is a
commutative ring. We claim that Oqcon(x) is a sheaf of commutative rings. Indeed,
let a,b € Oqeon(x)(U), where U € Lopen(Spec(Qcoh(X))). For all P € U we have
0% (ab) = 0% (ba), where oY : Oqeon(x)(U) = Oqeon(x),p is the natural homomorphism.
Since Oqeon(x) is a sheaf, it follows that ab = ba.
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The next theorem says that the Abelian category Qcoh(X) contains all the necessary
information to reconstruct the scheme (X, Ox).

Theorem 38 (Reconstruction; cf. Rosenberg [11]). Let X be a quasicompact and
quasiseparated scheme. The map of Corollary 37 induces an isomorphism of ringed
spaces

[ (X,0x) - (SPeC(QCOh(X))>OQcoh(X))-

Proof. The proof is similar to that of [2, 8.3; 9.4]. Fix an open subset U C Spec(Qcoh(X))
and consider the functor
F : Qcoh(X) M) Qcoh f1(U).

We claim that F' annihilates Syy. In fact, F € Sy implies f~1 (supp(F))Nf~1(U) = &, and
therefore suppy (F) N f~1(U) = @. Thus, Fp =0 for all P € f~1(U), whence F(F) = 0.
It follows that F factors through Qcoh(X')/Sy and induces a map Endqgeon(x)/s, (Ox) —
Ox(f~'(U)), which extends to a map Oqeon(x)(U) — Ox(f~*(U)). This yields a
morphism of sheaves f*: Oqeoh(x) — f+Ox.

By the above, f* induces an isomorphism f};: Oqeon(x),s(p) — Ox p at each point
P € X. We conclude that flug is an isomorphism. It follows that f is an isomorphism
of ringed spaces if the map f : X — Spec(Qcoh(X)) is a homeomorphism. This last
condition is a consequence of Propositions 35-36 and Corollary 37. ]

89. COHERENT SCHEMES

We end the paper with introducing coherent schemes. These lie between Noetherian
and quasicompact, quasiseparated schemes and generalize commutative coherent rings.
We want to obtain classification and reconstruction results for such schemes.

Definition. A scheme X is locally coherent if it can be covered by open affine sub-
sets Spec R;, where each R; is a coherent ring. X is coherent if it is locally coherent,
quasicompact, and quasiseparated.

A trivial example of a coherent scheme is Spec R with R a coherent ring. There are
many coherent rings. For instance, let R be a Noetherian ring, and let X be any (possibly
infinite) set of commuting indeterminates. Then the polynomial ring R[X] is coherent.
As a note of caution, however, we should mention that, in general, the coherence of a
ring R does not imply that of R[z] for one variable z. In fact, if R is a countable product
of the polynomial ring Q[y, z], the ring R is coherent, but R[z] is not coherent by a result
of Soublin [27]. For any finitely generated ideal I of a coherent ring R, the quotient ring
R/I is coherent.

If R is a coherent ring such that the polynomial ring R[z1,...,z,] is coherent, then
the projective n-space P} = Proj R[zo, ..., z,] over R is a coherent scheme. Indeed, P, is
quasicompact and quasiseparated by [4, 5.1] and is covered by Spec R[zo/x;, . .., Zn/x;]
with each R[zo/x;,..., %, /x;] coherent by assumption.

Below we shall need the following result.

Theorem 39 (Herzog [12], Krause [13]). Let C be a locally coherent Grothendieck cat-
egory. There is a bijective correspondence between the Serre subcategories P of cohC
and the localizing subcategories S of C of finite type. This correspondence is given by the
functions

P— P ={limC; | C; € P},
S+ SnNcohC,

which are mutually inverse.
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Proposition 40. Let X be a quasicompact and quasiseparated scheme. Then X is a
coherent scheme if and only if coh(X) is an Abelian category, or equivalently, Qcoh(X)
is a locally coherent Grothendieck category.

Proof. Suppose X is a coherent scheme. We must show that every finitely generated
subobject F of a finitely presented object G is finitely presented. From [15, 1.6.9.10]
and Proposition 7 it follows that F € fg(Qcoh(X)) if and only if it is locally finitely
generated.

For any P € X, there is an open subset U of P and an exact sequence

o — O = Glu — 0.

By assumption, there is an affine neighborhood Spec R of P with R a coherent ring. Let
f € R be such that P € D(f) C Spec RNU, where D(f) = {Q € SpecR | f ¢ Q}. Since
Ox(D(f)) = Or(D(f)) = Ry, we get an exact sequence

Ok, = Og, = Glp(y) — 0.

If R is a coherent ring, then so is Ry.

There is an open neighborhood V' of P and an epimorphism 0{3 —- Fly, k € N.
Without loss of generality, we may assume that V' = D(f) for some f € R. It follows
that F|p(ry C Glp(y) is a finitely presented Og,-module, because Ry is a coherent ring.
Therefore, F is locally finitely presented, whence F € fp(Qcoh(X)).

Now suppose that Qcoh(X) is a locally coherent Grothendieck category. Given P € X
and an affine neighborhood Spec R of P, we want to show that R is a coherent ring. The
localizing subcategory S = {F | Flspec r = 0} is of finite type; therefore, Qcoh(X)/S is
a locally coherent Grothendieck category. From Proposition 1 it follows that Mod R 22
Qcoh(Spec R) = Qcoh(X)/S is a locally coherent Grothendieck category, whence R is
coherent. |

Theorem 41 (Classification). Let X be a coherent scheme. Then the maps
Vi 8 ={F € coh(X) | suppx(F) CV}

and
S—V= U suppx (F)
Fes
induce a bijection between
(1) the set of all subsets of the formV =
X\V; foralli € Q, and
(2) the set of all tensor Serre subcategories in coh(X).

icq Vi with quasicompact open complement

Theorem 42. Let X be a coherent scheme. The assignments
T—S = {]—" € coh(X) | suppx (F) C U supr(Hn(E))}
n€Z,EeT

and
S {FE € Dper(X) | Ho(E) € S for alln € Z}
induce a bijection between
(1) the set of all tensor thick subcategories of Dper(X), and
(2) the set of all tensor Serre subcategories in coh(X).

Let X be a coherent scheme. The ringed space (Spec(coh(X)), Ocon(x)) is introduced
in the same way as (Spec(Qcoh(X)), Oqeon(x))-
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Theorem (Reconstruction). Let X be a coherent scheme. Then there is a natural iso-
morphism of ringed spaces

[+ (X,0x) — (Spec(coh(X)), Ocon(x))-

The above theorems are direct consequences of the corresponding theorems for qua-
sicompact, quasiseparated schemes and Theorem 39. The interested reader can check
these theorems without difficulty.
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