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Let H be a separable Hilbert space and Zt a H-valued Lévy process on a probability space with
measure P. Suppose that Zt has a Gaussian part with covariance R. Consider the following generalized
Langevin equation

dXt = AXtdt+ dZt, X0 = x ∈ H
where {St}t≥0 is a strongly continuous contraction semigroup on H generated by A. The associated
transition semigroup of Xt is given by

Ptf(x) =
∫
H
f(Stx+ y)µt(dy),

here µt is the law of
∫ t
0
St−sdZs.

Pt is a generalized Mehler semigroup. Under some slight conditions, any generalized Mehler semigroup
is a transition semigroup of the above form (see [2, 3]).

By the method in [1], i.e., a combination of the coupling argument and Girsanov transformation, we
can prove the following Harnack inequality.

Assume for T > 0, u ∈ [0, T ], and every x, y ∈ H, Su(x − y) ⊂ R1/2(H). Then for any α > 0, β > 0
satisfying α−1 + β−1 = 1, f ∈ C+b (H), we have

[PT f(x)]α

PT fα(y)
≤ exp

{
β

2

∫ T

0

|R−1/2Su(x− y)ξu|2du(∫ T

0

ξudu

)2

}
.

Here ξ is a positive continuous function on [0,+∞).
This is a generalization of a main result in [4] in which only the second order Harnack inequality was

able to be established.
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