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We study the existence and nonexistence of positive (super) solutions to a semi-
linear elliptic equation −∆u − Ax

|x|2 · ∇u − B
|x|2 u = c

|x|σ up in cone-like domains

of RN . On the plane R2 we determine the set of (p, σ) such that the equation
has no positive (super) solutions, depending on the parameters A, B ∈ R and the
geometry of the domain.

1. Introduction

We study the existence and nonexistence of positive (super) solutions to the
semilinear elliptic equation with lower order terms of critical behavior

−∆u− Ax

|x|2 · ∇u− B

|x|2 u =
c

|x|σ up in Cρ
Ω. (1)

Here A,B ∈ R, c > 0 and (p, σ) ∈ R2
∗ := R2 \ (1, 2). By Cρ

Ω ⊂ RN (N ≥ 2)
we denote an exterior cone-like domain defined as

Cρ
Ω = {(r, ω) ∈ RN : r > ρ, ω ∈ Ω},

where ρ > 0, (r, ω) are the polar coordinates in RN and Ω ⊆ SN−1 is
a subdomain (a connected open subset) of the unit sphere SN−1 in RN .
In what follows λ1 = λ1(Ω) ≥ 0 denotes the principal eigenvalue of the
Dirichlet Laplace–Beltrami operator −∆ω on Ω. We do not prescribe any
boundary conditions to (1). A (super) solution to (1) in a domain G ⊆ RN

is an u ∈ H1
loc(G) such that, for all 0 ≤ ϕ ∈ C∞0 (G),

∫

G

∇u · ∇ϕdx−
∫

G

∇u · Ax

|x|2 ϕdx−
∫

G

B

|x|2 uϕdx (≥) =
∫

G

c

|x|σ upϕdx.
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It has been known at least since the celebrated paper 14 that equations
of type (1) admit positive (super) solutions only for some specific values
of (p, σ) ∈ R2. The problem of the existence and nonexistence of positive
(super) solutions to equations (1) under various assumptions on operators
and classes of domains has been a subject of a number of publications (see,
e.g. 5,8,9,10,12,14,19,20 and references therein).

Equations (1) on cone–like domains have been studied so far without
lower–order terms. The superlinear case p > 1 has been considered in 4,6

(see also 7 for systems and 17 for uniformly elliptic equations with measur-
able coefficients). A new nonexistence phenomenon for the sublinear case
p < 1 has been recently revealed in 18. The following theorem summarizes
results in 4,6 and 18.

Theorem 1. Let α+ ≥ 0 and α− < 0 be the roots of the quadratic equation
α(α + N − 2) = λ1. Then the equation

−∆u = c|x|−σup in Cρ
Ω (2)

has no positive supersolutions if and only if 1− 2−σ
α+

≤ p ≤ 1− 2−σ
α−

.

The above result is stable under some classes of perturbations. One can
show, e.g., that for ε > 0 the equation

−∆u− Ax

|x|2+ε
· ∇u− B

|x|2+ε
u =

c

|x|σ up in Cρ
Ω (3)

has the same nonexistence exponents as (2) (see, e.g. 15,16). On the other
hand it is easy to see that if ε < 0 then (3) has no positive supersolution for
any (p, σ) ∈ R2. In the critical case ε = 0 nonexistence exponents become
dependent on the parameters A and B. This phenomenon has been recently
observed on a ball and/or exterior of a ball in 8,12 (p > 1, A = 0) and 20

(p > 1, B = 0). In this note we present a complete characterization of
existence and nonexistence of positive solutions to (1) on cone–like domains
over the full range of parameters A,B ∈ R and exponents (p, σ) ∈ R2

∗.

2. Statement of results

Observe that (super) soultions to (1) are in one-to-one correspondence to
(super) solutions of the singular semilinear equation

−∇ · (|x|A∇u)−B|x|A−2u = c|x|A−σup in Cρ
Ω. (4)

Thus by the weak Harnack inequality for supersolutions any nontrivial non-
negative supersolution to (1) is positive in Cρ

Ω. Following 3,13 one can derive
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an improved Hardy type inequality with weight |x|A for exterior cone–like
domains in the form
∫

Cρ
Ω

|∇u|2|x|Adx ≥ (cH +λ1)
∫

Cρ
Ω

u2|x|A−2dx+c∗

∫

Cρ
Ω

u2

log2 |x| |x|
A−2dx, (5)

for all u ∈ C∞0 (Cρ
Ω), where cH = (A+N−2)2

4 , c∗ > 0 and ρ > 1. Let γ−, γ+

be the roots of the equation

γ(γ + N − 2 + A) = λ1 −B. (6)

By a standard argument (see, e.g., 11) inequality (5) implies that if (6) has
no real roots then (4) has no positive supersolutions for any (p, σ) ∈ R2.
Thus when (p, σ) = (1, 2) then equation (4) has no positive supersolutions
if and only if c ≥ λ1 + cH −B, where c > 0 is a constant in (1). We confine
ourself to the case when γ−, γ+ ∈ R and (p, σ) ∈ R2

∗.
Let us introduce the critical line l∗(p) on the (p, σ)–plane

l∗(p) := min{γ−(p− 1) + 2, γ+(p− 1) + 2} (p ∈ R),

and the nonexistence set

N = {(p, σ) ∈ R2
∗ : (1) has no positive supersolutions}.

Our main result for exterior cone–like domains reads as follows.

Theorem 2. Assume that γ−, γ+ ∈ R. The following assertions are valid.

(i) Let γ− < γ+. Then N = {σ ≤ l∗(p)}.
(ii) Let γ− = γ+. Then N = {σ < l∗(p)} ∪ {σ = l∗(p), p ≥ −1}.

Remarks. (i) Observe that the set N does not depend on the value of the
parameter c > 0 in (1). In view of the scaling properties of (1) the set N
also does not depend on the value of ρ > 0.
(ii) Using sub and supersolutions techniques one can show that if (1) has
a positive supersolution in Cρ

Ω then it has a positive solution in Cρ
Ω. Thus

for any (p, σ) ∈ R2
∗ \ N equation (1) has positive solutions.

(iii) Figure 1 shows the qualitative pictures of the set N for typical values
of γ−, γ+. The case (a) is typical for A, B = 0. The case (b) occurs, e.g.,
when A,B = 0 and N = 2. The cases (c, d, e, f) could never be realized for
equation (1) without critical lower order terms.

Applying the Kelvin transformation y = y(x) = x
|x|2 we see that if u is

a positive (super) solution to equation (1) then ǔ(y) = |y|2−Nu(x(y)) is a
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(a) : γ− < 0, γ+ ≥ 0
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2
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1− 2
γ−1− 2
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2−γ+

N
(b) : γ− = γ+ = 0

p

σ

2

1−1

N

(c) : γ− ≥ 0, γ+ > 0

p

σ

2

1

1− 2
γ+

2−γ+

N
(d) : γ−, γ+ < 0

p

σ

2

1

1− 2
γ−

2−γ+

N

(e) : γ− = γ+ > 0

p

σ

2

A+N

1−1

N
(f) : γ− = γ+ < 0

p

σ

2

A+N

1−1

N

Figure 1. The nonexistence set N of equation (1) for typical values of γ− and γ+.
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positive (super) solution to the equation

−∆ǔ− Ay

|y|2∇ǔ− B

|y|2 ǔ =
c

|y|s ǔp in Č1
Ω, (7)

where s = (N+2)−p(N−2)−σ and Č1
Ω := {(r, ω) ∈ RN : 0 < r < 1, ω ∈ Ω}

is the interior cone–like domain. For equation (7) we define the critical line

ľ∗(p) := max{γ−(p− 1) + 2, γ+(p− 1) + 2} (p ∈ R),

and the set Ň = {(p, σ) ∈ R2
∗ : (7) has no positive supersolutions}. By an

easy computation we derive from Theorem 2 the following result.

Theorem 3. Assume that γ−, γ+ ∈ R. The following assertions are valid.

(i) Let γ− < γ+. Then Ň = {σ ≥ ľ∗(p)}.
(ii) Let γ− = γ+. Then Ň = {σ > ľ∗(p)} ∪ {σ = ľ∗(p), p ≥ −1}.
Our approach to the problem employs and extends new techniques de-

veloped in 15,16,17,18 and is quite different from that used in the quoted
papers 4,6,8,12,20. In the following we sketch the steps for proving Theorem
2. The complete proofs will be published elsewhere.

3. Sketch of the proof of Theorem 2

To show the existence one constructs radial supersolutions explicitly. The
proof of the nonexistence is based upon comparison principles and asymp-
totics of harmonic functions of linear operators associated to (1). Observe
that the transformation ũ := |x|−A

2 u reduces (1) to an equation of type (1)
with A = 0. We shall distinguish the cases γ− < γ+ and γ− = γ+.

γ− < γ+. In this case the proof is carried out following the ideas in 17,18

with minor modifications.

γ− = γ+. We only outline the ideas for the subcritical situation σ < l∗(p).
Let u > 0 be a positive supersolution to (1) in C1

Ω. Then, following 1,17, one
can prove the lower bound u ≥ c1|x|γ− in C2

Ω′ , where Ω′ is a subdomain of
Ω. This bound in combination with a scaling argument as in 15,17 yields a
contradiction if σ < l∗(p) and p ≥ 1.

When p < 1 rescaling of equation (4) together with a nonlinear com-
parison principle from 2,18 shows that any supersolution u > 0 to (4) obeys
the lower bound u ≥ c3|x|

2−σ
1−p in C2

Ω′ . An application of a Phragmèn–
Lindelöf type comparison principle (see, e.g., 15) allows one to conclude
that lim inf |x|→∞ u

log |x||x|γ− < +∞ in C2
Ω′ . Comparison with the lower

bound yields a contradiction for σ < l∗(p) and p < 1.
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More delicate analysis is needed on the critical line σ = l∗(p) when
p > −1 and especially at the critical point (p, σ) = (−1, A + N). Along
with the arguments similar to those used in the subcrtical case, the use of
improved Hardy inequality (5) is required.
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