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Abstract

We study the problem of the existence and nonexistence of positive solutions to a superlinear
second-order divergence type elliptic equation with measurable coefficients —V - a - Vu = u? (x),
p > 1, in an unbounded cone-like domain G € RY (N > 3). We prove that the critical exponent
p*(a,G) = inf{p > 1 : (x) has a positive supersolution at infinity in G } for a nontrivial cone—
like domain is always in (1, %) and in contrast with exterior domains depends both on the
geometry of the domain G and the coefficients a of the equation.

1 Introduction

We study the existence and nonexistence of positive solutions and supersolutions to a superlinear
second—order divergence type elliptic equation

(1.1) —V-a-Vu=v" in G.

Here p > 1, G ¢ RY (N > 3) is an unbounded domain (i.e., connected open set) and —V -a -V :=
— Z%‘:l B%i (aij(:v)%) is a second order divergence type elliptic expression. We assume through-
out the paper that the matrix a = (a;; (m))fvdzl is symmetric measurable and uniformly elliptic, i.e.
there exists an ellipticity constant ¥ = v(a) > 0 such that

N
(1.2) vE)? < Z aij(z)€& < vl€f?, for all € € RY and almost all z € G.
ij=1



The qualitative theory of semilinear equations of type (1.1) in unbounded domains of different
geometries has been extensively studied because of various applications in mathematical physics
and the rich mathematical structure. One of the features of equation (1.1) in unbounded domains
is the nonexistence of positive solutions for certain values of the exponent p. Such nonexistence
phenomena have been known at least since the celebrated paper by Gidas and Spruck [14], where
it was proved that the equation

(1.3) —Au =uP
has no positive classical solutions in RY (N > 3) for 1 < p < % Though this results is sharp (for
p > % there are classical positive solutions), the critical exponent p* = % is highly unstable

with respect to any changes in the statement of the problem. In particular, for any p € (%, %]

one can produce a smooth potential W (x) squeezed between two positive constants such that
equation —Awu = W (x)uP has a positive solution in R" ([34], see also [11] for more delicate results).
If one looks for supersolutions to (1.3) in RY or studies (1.3) in exterior domains then the value
and the properties of the critical exponent change. The following result is well-known (see, e.g.

[4,6]). If N>3and1<p< % then there are no positive supersolutions to (1.3) outside a ball

in RN. The value of the critical exponent p* = % is sharp in the sense that (1.1) has (infinitely

many) positive solutions outside a ball for any p > p*. This statement has been extended in

different directions by many authors (see, e.g. [3, 5, 7, 8, 10, 12, 17, 18, 19, 20, 25, 32, 35, 37, 38]).

In particular, in [17] it was shown that the critical exponent p* = N]Y 5 is stable with respect to

the change of the Laplacian by a second—order uniformly elliptic divergence type operator with
measurable coefficients, perturbed by a potential, for a sufficiently wide class of potentials (see also

[18] for equations of type (1.3) in exterior domains in presence of first order terms).

In this paper we develop a new method of studying nonexistence of positive solutions to (1.1)
in cone-like domains (as model example of unbounded domains in R with nontrivial geometry).
The method is based upon the maximum principle and asymptotic properties at infinity of the
corresponding solutions to the homogeneous linear equation. This approach was first proposed in
[17]. In the framework of our method we are able to establish the nonexistence results for (1.1)
with measurable coefficients in the cone-like domains without any smoothness of the boundary in
the setting of the most general definition of weak supersolutions.

(G) and

We say that u is a solution (supersolution) to equation (1.1) if u € H}

e G

where H}(G) stands for the set of compactly supported elements from H} (G). By the weak
Harnack inequality for supersolutions (see, e.g. [15, Theorem 8.18]) any nontrivial nonnegative
supersolution to (1.1) is positive in G. We say that equation (1.1) has a solution (supersolution) at
infinity if there exists a closed ball Bp centered at the origin with radius p > 0 such that (1.1) has
a solution (supersolution) in G \ B,.

We define the critical exponent to equation (1.1) by
p* =p*(a,G) =inf{p > 1: (1.1) has a positive supersolution at infinity in G'}.
In this paper we study the critical exponent p*(a,G) in a class of cone-like domains

Cao={(rw) eRY: weQ, r>0},



where (r,w) are the polar coordinates in RY and Q € SN¥~! is a subdomain (a connected open
subset) of the unit sphere SNV~ in RY. The following proposition collects some properties of the
critical exponent and positive supersolutions to (1.1) on cone-like domains.

Proposition 1.1. Let Q' ¢ Q C SV~ are subdomains of SN—1. Then

(2) 1< p*(CL?CQ’) < p*(a,CQ) < %;
(1i) If p> p*(a,Cq) then (1.1) has a positive supersolution at infinity in Cq;
(792) If p> p*(a,Cq) then (1.1) has a positive solution at infinity in Cq.

Remark 1.2. Assertion (i) follows directly from the definition of the critical exponent p*(a, G)
and the fact that p*(a, RY) = %, see [17]. Property (ii) simply means that the critical exponent
p*(a,G) divides the semiaxes (1,+00) into the nonexistence zone (1,p*) and the existence zone
(p*,+00). Existence (or nonexistence) of a positive solution at the critical value p* itself is a
separate issue. Property (iii) says that the existence of a positive supersolution at infinity implies the
existence of a positive solution at infinity. More precisely, we prove that if (1.1) has a supersolution

u > 0 in CP then for any r > p it has a solution w > 0 in C5 such that w < u.
Q Y p Q

The value of the critical exponent for the equation —Au = u? in Cq with Q C SNV~ satisfying
mild regularity assumptions was first established by Bandle and Levine [4] (see also [3]). They
reduce the problem to an ODE by averaging over ). The nonexistence of positive solutions without
any smoothness assumptions on {2 has been proved by Berestycki, Capuzzo—Dolcetta and Nirenberg
[5] by means of a proper choice of a test function.

Let A1 = A1(Q2) > 0 be the principal eigenvalue of the Dirichlet Laplace—Beltrami operator —A,,
in Q. Let a_ = a_(2) < 0 be the negative root of the equation

ala+ N —2) =\ (Q).
The result in [4, 5] reads as follows.

Theorem 1.3. Let Q C SN~ be a domain. Then p*(id,Co) = 1 — 2, and (1.1) has no positive
supersolutions at infinity in Cq in the critical case p = p*(id,Cq).

Applicability of both ODE and test function techniques seems to be limited to the case of
radially symmetric matrices a = a(|z|), whereas the method of the present paper is suitable for
studying equation (1.1) with general uniformly elliptic measurable matrix a. It is extendable as
far as the maximum principle is valid and appropriate asymptotic estimates are available (see the
proof of Theorem 1.6 below). Advantages of this approach are its transparency and flexibility. As
a first demonstration of the method we give a new proof of Theorem 1.3, which has its own virtue
being considerably less technical then in [4, 5]. As a consequence of Theorem 1.3 we derive the
following result, which says that in contrast to the case of exterior domains the value of the critical
exponent on a fixed cone-like domain essentially depends on the coefficients of the matrix a of the
equation.

Theorem 1.4. Let Q@ C SV~ be a domain such that A\1(2) > 0. Then for any p € (1, 5-5) there
exists a uniformly elliptic matriz a, such that p*(ap,Cq) = p.



Remark 1.5. The matrix a, can be constructed in such a way that (1.1) either has or has no
positive supersolutions at infinity in Cq in the critical case p = p*(ap,Cq), see Remark 4.5 for
details.

The main result of the paper asserts that equation (1.1) with arbitrary uniformly elliptic mea-
surable matrix a on a "nontrivial” cone-like domain always admits a "nontrivial” critical exponent.

Theorem 1.6. Let Q C SN~ be a domain and a be a uniformly elliptic matriz. Then p*(a,Cq) > 1.
If the interior of SN=1\ Q is nonempty then p*(a,Cq) < %

Remark 1.7. It is not difficult to see that in the case N = 2 equation (1.1) has no positive solutions
outside a ball for any p > 1. However, when Cq is a "nontrivial” cone-like domain in R?, that is
S1\ Q # 0, then all the results of the paper remain true with minor modifications of some proofs.

The rest of the paper is organized as follows. In Section 2 we discuss the maximum and
comparison principles in a form appropriate for our purposes and study some properties of linear
equations in cone—like domains. Proposition 1.1 is proved in Section 3. Section 4 contains the proof
of Theorems 1.3 and 1.4. The proof of Theorem 1.6 as well as some further remarks are given in
Section 5.

2 Background, framework and auxiliary facts

Let G C RN be a domain in RY. Throughout the paper we assume that N > 3. We write G’ € G
if G’ is a bounded subdomain of G such that ¢/ G’ C G. By | - ||, we denote the standard norm
in the Lebesgue space LP. By c¢,c1,... we denote various positive constants whose exact value is
irrelevant.

Let SV-!={z ¢ RV : |z| = 1} and Q C SV~! be a subdomain of SN¥~1. Here and thereafter,
for 0 < p < R < 400, we denote

O = {((rw) eRY: weQ, re(pR)},  Ci=clt™)

Accordingly, Cq = C and Cgn—1 = RV \ {0}.

Maximum and comparison principles Consider the linear equation
(2.1) —V-a-Vu—-Vu=f in G,

where f € H} (G) and 0 <V € L} (G) is a form-bounded potential, that is
(2.2) /Vqu:L‘<(1—e)/Vu-a'Vuda: for all 0 <ue HNG)
G G
with some € € (0,1). A solution (supersolution) to (2.1) is a function u € H] (G) such that

/Vu'a-Vgod:c—/Vugodx:(z)(f,go) for all 0 <€ H(G),
G G



where (-,-) denotes the duality between H, !(G) and H}(G). If u > 0 is a supersolution to
(2.3) —V-a-Vu—Vu=0 in G,

then u is a supersolution to —V - a - Vu = 0 in G. Therefore u satisfies on any subdomain G’ € G
the weak Harnack inequality

. Cw
fu>—"—
el mes(G") /G, u dz,

where Cy = Cyw (G, G") > 0. In particular, every nontrivial supersolution u > 0 to (2.3) is strictly
positive, that is u > 0 in G.

We define the space D}(G) as a completion of C2°(G) with respect to the norm lull pyay =

|Vull2. The space D}(G) is a Hilbert and Dirichlet space, with the dual D~(G), see, e.g. [13].
This implies, amongst other things, that D}(G) is invariant under the standard truncations, e.g.
v € D§(G) implies that v = vV 0 € D}(G), v~ = —(v A 0) € D}(G). By the Sobolev inequality
DL(@G) c L%(G). The Hardy inequality

N —2 2 2
(2.4) / \Vu|? do > (4)/ :U‘Q dx for all u € H}(RY),
RN RV |Z|

implies that D}(G) C L*(G, |z|~2dz). Since the matrix a is uniformly elliptic and the potential V
is form bounded, the quadratic form

Q(u) ::/Vu'a-Vud:c—/Vuzdx
G G

defines an equivalent norm /Q(u) on D}(G). The following lemma is a standard consequence of
the Lax—Milgram Theorem.

Lemma 2.1. Let f € D™Y(G). Then the problem
—V-a-Vvo—Vov=f, v € D{(@Q),
has a unique solution.

The following two lemmas provide the maximum and comparison principles for equation (2.1), in
a form suitable for our framework. We give the full proofs for completeness, though the arguments
are mostly standard.

Lemma 2.2. (Weak Maximum Principle) Let v € H. (G) be a supersolution to equation (2.3) such
that v~ € D}(G). Then v >0 in G.

Proof. Let (pn,) C C(G) be a sequence such that |[V(v™ — ¢,)||3 — 0. For every n € N, set
Up =0V, Av™. Since 0 < v, <v~ € Dé(G) and

/ V(v™ — o) P de = / V(0™ — n)]? da:+/ Vo~ |2 da
G {0<pn<v~} {pn<0}

/ IV(v™ — on)]? da:+/ Vo~ |2 dz — 0,
G {pn<0}
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by the Lebesgue dominated convergence, we conclude that |[|[V(v™ — v,)||3 — 0 (cf. [13, Lemma
2.3.4]). Taking (v,) as a sequence of test functions we obtain

0 < /Vv-a-andx—/Vvvnd:U
G G
= /Vv_-a-VUndx+/Vv_vndx — /Vv_-a-VU_der/V|v_|2dx§0.
G G G G

Thus we conclude that v= = 0. U
Lemma 2.3. (Weak Comparison Principle) Let 0 < u € H} (G), v € DL(G) and

—V-a-Viu—v)—V(u—-v)>0 in G.

Then u > v in G.

Remark 2.4. Note that the assertion of Lemma 2.3 follows from Lemma 2.2 if one assumes in
addition that u € H'(G).

Proof. Let (Gy)nen be an exhaustion of G, i.e. an increasing sequence of bounded smooth domains
such that G, € Gpy1 € G and UpenGy, = G. Let v € DY(G). Let f € D7Y(G) be defined by
duality as

f=-V-.a-Vv—-Vu.

Let v, € D}(Gy,) be the unique weak solution to the linear problem
—-V-a- Vv, = Vv, = f, vy, € DY(G).

Then
—V-a-Vu—uv,)=V(u—v,) >0 in Gy,

with
u—v, € HY(G,), 0 < (u—uv,)" <vl € D{Gy).

Therefore (u—wv,)~ € D§(Gy). By Lemma 2.2 we conclude that (u—v,,)~ = 0, that is v, < u. Let
on € D§(G) be defined as 9, = v, on Gy, v, = 0 on G \ Gy,. To complete the proof of the lemma
it suffices to show that ¥, — v in D}(G). Indeed,

Q) = [ Vo -a- Vo, = [ VI = (f) < elflo @ llnyer
where (-, -) stands for the duality between D{(G) and D~1(G). Hence the sequence (v, is bounded

in D}(G). Thus we can extract a subsequence, which we still denote by (), that converges weakly
to vx € D}(G). Now let ¢ € HY(G). Then for all n € N large enough, we have that Supp(p) C Gy,

and
/Vi_)n'a-v(,ﬁ_/‘/@n@:/ an-a-ch—/ anwz<f7@>'
G G Gn Gn

By the weak continuity we conclude that

/GVU*-chp/GVv*gp:(f,gp).

6



Therefore v, € D}(G) satisfies

—V-a-Vo—Vou=Ff veD}Cq).
Hence v, = v. Furthermore,

Q(On —v) = (f,n) = 2(f,v) + ([, v).
Since (f,v,) — (f,v) it follows that @, — v in D{(G). O
Minimal positive solution in cone like domains Let Q C SV~! be a domain. Consider the
equation
(2.5) —V-a-Vu—-Vu=0 in Cq,

where 0 < V € L} (C?) is a form—bounded potential. We say that v > 0 is a minimal positive

loc
solution to (2.5) in Cf, if v is a solution to (2.5) in C4 and for any positive supersolution u > 0 to

(2.5) in C, with 7 € (0, p) there exists ¢ > 0 such that
u>cvy in Cf.

Note, that such definition of a minimal positive solution, adopted for the framework of cone-like
domains, is slightly different from the notion of the minimal positive solution at infinity introduced
by Agmon [1] (see also [22, 23, 24, 28, 29]).

Below we construct a minimal positive solution to (2.5) in Cf. Let 0 < ¢ € C°(Q) and
8, € C*®[p,+00) be such that §,(p) =1,0 <6, <1 and 6, =0 for r > p + € with some € > 0.
Thus fy :=V -a-V(0,) € D71(CS). Let wy be the unique solution to the problem

(2.6) —V-a-Vw—-Vw = fy, w € D§(Ch),
which is given by Lemma 2.1. Set vy, := wy, +10,. Then vy, is the solution to the problem
(2.7) ~V-a-Vv—-Vu=0, v—8,¢e D}Ch).

By the weak Harnack inequality vy, > 0 in C§. Notice that vy actually does not depend on the
particular choice of the function 6, (this easily follows, e.g., from Lemma 2.2).

Lemma 2.5. vy, is a minimal positive solution to equation (2.5) in Cgpz.

Proof. Choose € € € such that Supp(y)) € €. Let € > 0 be such that 6, = 0 for all » > p+e€. Let
u > 0 be a positive supersolution to (2.5) in Cf, with r € (0, p). By the weak Harnack inequality
there exists m = m(',€) > 0 such that

u>m in CS({),’HE).
Choose ¢ > 0 such that ct) < m. Then u — ey, > 0 in C8, cwy € D(CH) and
(-V-a-V=V)(u—cyb,) —cwy) =(=V-a-V—=V)u>0 in C§.

By Lemma 2.3 we conclude that u — cyf, > cwy, that is u > cvy, in Cg. O

7



Remark 2.6. Let I';(x,y) be the positive minimal Green function to the equation =V -a - Vu =0
in RY. Then for any domain Q C S™¥~! the function I'y(z,0) is a positive solution to

(2.8) —V-a-Vu=0 in Cq.

By Lemma 2.3 and the classical estimate [21] we conclude that any minimal positive solution vy,
o0 (2.8) in C{, obeys the upper bound

(2.9) vy < e1Ta(,0) < eolz*N in Ch.

Nonexistence Lemma The next lemma (compare [17],[30, p.156]) is the key tool in our proofs
of nonexistence of positive solutions to nonlinear equation (1.1).

Lemma 2.7. (Nonexistence Lemma) Let 0 <V € L}, (C) satisfy
(2.10) |2[*V(z) — 00 as x € Cl, and |z| — oo
for a subdomain Q' C Q. Then the equation

(2.11) ~V-a-Vu—-Vu=0 in C§

has no nontrivial nonnegative supersolutions.

The proof is based upon the following well-known result (see, e.g., [1, Theorem 3.3]).

Lemma 2.8. Let G C RY be a bounded domain and A\; = A\ (G) > 0 be the principal Dirichlet
eigenvalue of =V -a -V in G. If u > A\ then the equation

(2.12) —V-a-Vu=pu in G

has no positive supersolutions.

Proof of Lemma 2.7 Let Al(Cg(Zp’Qp)) > 0 be the principal Dirichlet eigenvalue of —V -a -V on

Cg(fzp). Rescaling the equation —V - a - Vv = Av from Cg({)’zp) to Cg(ll’z) one sees that
c” c
“rNEE?) S nEd*) < S,

where ¢ = ¢(a) > 0 depends on the ellipticity constant of the matrix a and does not depend on
p> 0.

Let u > 0 be a supersolution to (2.11). Then (2.10) implies that for some R > 1 one can find

R,2R)
’

p > 0 such that V(z) > p > c/\l(Cs()l,’Q))R_2 in Céz . Hence u is a supersolution to

—V-a-Vu=pu in CS(;Z’QR)
with p > Al(Cg(ZI?’ZR)). By Lemma 2.8 we conclude that v = 0 in Cg,%’m). Therefore by the weak
Harnack inequality u = 0 in Cf. O



3 Proof of Proposition 1.1

Property (i) is obvious. We need to prove (ii) and (iii).

(ii) Let po > p*(a,C§) be such that equation (1.1) with exponent py has a positive supersolution
uw>01in C. Let p > pp and a = 1% > 1. Set v := u!/®. By the weak Harnack inequality u > 0
in Cé.l He?ce u™* € L2 (CP) for any s > 0. Therefore Vv = a~lut/*"1vu € L2 (CF), that is

€ Hy, (Cq).

Let 0 < ¢ € C°(Cf). Then

Vo*-a-Veodr = a/ v W a-Vedr
o ¢

= af Vw-a- Vo) der—ala—1) [ Vv-a-Vv@* 2%p)ds

o o

< af Vv-a-V(* ) dr

o

Notice, that v®~ 1 = ¢!~/ ¢ Hlloc(CS) by the same argument as above. Therefore v® =1y € H&(CS)
We shall prove that the set
Ko ={v""lp, 0 < p € HI(CH)}

is dense in the cone of nonnegative functions in H!(CS). Indeed, let 0 < ¢ € H!(CS). Let
¥, € C§°(CH) be an approximating sequence such that ||V (1, — ¥)[l2 — 0. Set ¢, = v!=%t. It
is clear that 0 < ¢, € K, C H}(CE) and [|[V(v* 1, — )|z — 0.

Since v® = u and u > 0 is a supersolution of (1.1), we obtain that

a/ Vo-a-V* o) de > / v dr = / VP (v ) dx
o o o
for any 0 < ¢ € HY(CE). Thus o/(1=P)y is a supersolution to equation (1.1) in C with exponent
P > Po-

(737) The existence of a (bounded) positive solution to equation (1.1) with p > % in Bf for
any r > 0 has been proved in [17]. We shall consider the case p < %

Let u > 0 be a supersolution to (1.1) with exponent p < N/(N —2) in Cf,. Fix ¢ € C°(Q2) and
r > p. Let vy > 0 be a minimal positive solution in to =V -a- Vv = 0 in Cg, as constructed in
(2.6), (2.7). Then u > cvy, in Cfy by Lemma 2.3. Without loss of generality we assume that ¢ = 1.
Thus vy, > 0 is a subsolution to (1.1) in Cg, and vy, < u in Cf,. We are going to show that (1.1) has
a positive solution w in C¢, such that vy, < w < u in C.

Let (Gp)nen be an exhaustion of Cf,. Consider the boundary value problem

V.a- — wP i
(3.1) { V.a-Vw wP in Gy,

w = vy on 0G,.

Since G,, € Cf, is a smooth bounded domain and vy, € CO’W(CE), the problem (3.1) is well-posed.

loc
Clearly, vy, < u is still a pair of sub and supersolutions for (3.1). Notice that we do not assume that

u € HY(G),) is bounded. However, since p < % < %, one can use an H'-version of sub and



supersolution method, see e.g. [9, Theorem 2.2]. Thus there exists a weak solution w, € H'(G,,)
of (3.1) such that vy, < w, < uin Gy.

Consider a sequence (wy)p>1 in G1. Choose a function 0 € C2°(G2) such that 0 < 6 < 1 and
0 =1 on Gy. Using 6%w,, € H!(G2) as a test function we obtain

/ U)ZHQQ = / 6?°Vw, - a - Vw, dy + 2/ 0w, Vw, -a-Vody.
G2 Ga Go

Thus, by standard computations
1 2 2 2, ptl
= 0“Vwy, -a-Vw, de < 2 w; VO -a-V0dx+ O“whb™ dx
G2 G2 G2

2
201||(V0)2||oo/ u2d:13—|—/ W .
G2 G2

IN

We conclude that (wy,) is bounded in H'(G;). By the construction vy < w, < u € H'(G) for all
n € N. Therefore (w;,) has a subsequence, denoted by (w,, (x))ren, Which converges to a function
wM) € HY(Gy) weakly in H'(G}), strongly in L?(G1) and almost everywhere in G;. Hence it is
clear that w) is a solution to (1.1) in G1 and vy < wl) < .

Now we proceed by the standard diagonal argument (see, e.g., [26, Theorem 2.10]). At the
second step, consider a sequence (wy,(x))ken in G2 (assuming that ni(1) > 2). In the same way
as above we obtain a subsequence (wy,x))ren that converges to a function w®? € H'(Gy), which
is a solution to (1.1) in Ga. Moreover, vy < w® < uin Gy and w® = w® in Gy. Continuing
this process, for each fixed m > 2 we construct a subsequence (wy, , (x))ken (With 7, (1) > m) that
converges weakly to w(™) € H'(G,,) which is a solution to (1.1) in Gy, and such that v, < w(™ <u
in G, w™ = w™ 1 in G,,_;.

By a diagonal process (wy,, (m))men is a subsequence of (w,,, (x))ken for every m € N. Thus for
each fixed k € N the sequence (wy,, (n)) converges weakly to w® in H'(G}). Let w, be the weak
limit of (wy,,, () in H}, (CG). Then w, is a solution of (1.1) in Cf, such that vy, < w, <uinCh. O
Remark 3.1. The constructed solution w, is actually locally Holder continuous. Indeed, since
p < &5 < &2 we conclude by the Brezis-Kato estimate (see, e.g. [33, Lemma B.3]) that
wy € L§ (CF) for any s < co. Then —V -a-Vw, = w{ € L (Cf) for any s < co. Hence the

loc loc

standard elliptic estimates imply that w, € C&Z(Ca).

4 Proof of Theorems 1.3 and 1.4

In this section we study positive supersolutions at infinity to the model equation
(4.1) —Au=u" in Cq,

where p > 1 and € is a subdomain of SN¥~!. Recall, that A; denotes the principal eigenvalue of the
Dirichlet Laplace—Beltrami operator —A,, in 2 and «_ stands for the negative root of the equation
ala+ N —2) =\

Existence of positive supersoltuions to (4.1) with p > p*(id,Cq) = 1 — 2/a_ can be easily
verified. Namely, by direct computations one can find supersolutions of the form u = er?/(1-P)g,

10



where ¢ > 0 is the principal eigenfunction of —A, on  (see also [4, 3| for a direct proof of the
existence of positive solutions). We are going to prove absence of positive supersolutions to (4.1)
in C§ for p € (1,1 — 2/a_). Notice that if u > 0 is a solution to (4.1) in Cf, then, by the scaling

2
properties of the Laplacian, p7~Tu(pz) is a solution to (4.1) in Cf,. So in what follows we fix p = 1.

Minimal solution estimate. Here we derive the sharp asymptotic at infinity of the minimal
solutions to the equation

(4.2) —Au —

with V' € L(Q). Let —A, be the Dirichlet Laplace-Beltrami operator in L*(Q2) and 0 < V €
L>(Q). Let ()\k)keN be the sequence of Dirichlet eigenvalues of —A,, — V, such that A; < Ay <
A3 <.... By (gbk) reN we denote the corresponding orthonormal basis of eigenfunctions in L?(€),
with ¢1 > 0.
From now on we assume that A\; > —(N — 2)2/4. Then the roots of the quadratic equation
ala+N—-2) = A are real for each k € N. By aj we denote the smallest root of the equation, i.e.,
N-2 [(N-2)2

= — - Ne-
g 5 1 + Ak

Notice that since \; > —(N — 2)2/4 it follows from the Hardy inequality (2.4) that the potential
V(w)]z|~2 is form bounded.

Lemma 4.1. Let ¢ € C°(2). Then
(4.3) vp(x) = hpr®p(w),  where 1y, = / h(w) e (w) dw,
k=1 @

is a minimal positive solution to equation (4.2) in C}.

Proof. Set vy, (x) := r% ¢y (w). Then a direct computation gives that

V(w)

—Auvn —
T T

vy =0 in CSII.
Recall that V = V% + %Vw, where v = |:ng e RV, Since

/ Vi |2 dw —/ V(w)|d*dw = A,
Q O

[ (sor-Y)
_ / /(, R u;fk<w>|2_v<w>r:§kék|2>w1dwdr

~9 3
+ )
_ PN 3(G2 L A dr = kTR 5
/1 (6 ) 2 — N — 2ay,

we obtain

IN

| Vor||72

11



where € > 0 is the constant in (2.2). Now it is straightforward that vy — @81 € D§(Ch), so vy,
solves the problem
V(w)

—Av —
T TP

=0, v—gpb € DHCY).

Hence we have

@)
e Vosl3 < ( o) @

RS

Hence vy, — 90 € Dé(Cé), so vy, solves the problem

V(w)
|z[?

—Av — =0, v—vb € DJCh).

By the uniqueness we conclude that vy, defined by (4.3) coincides with the minimal solution vy, as
constructed in (2.6), (2.7). O

Lemma 4.2. Let vy > 0 be a minimal solution (4.3) to equation (4.2) in C§. Then for any ¥ €
and p > 1 there exists ¢ = ¢(Q, p) > 0 such that

(4.4) vy(x) > er® in CP,.

Proof. By (4.3) one can represent vy, as vy(x) = V119 ¢ (w) + w(zx), where

= fp(w)
k=2

Notice that w(z) satisfies

Viw)
|=[?
Thus by the standard elliptic estimate (see, e.g. [15, Theorem 8.17]) for any ' €  and p > % one
has

_Aw_

w=0 in Ch.

2 -N 2
sup Juwf < ep™ [ oy fuf do.
Cg;ﬂp) Co
where the constant ¢ > 0 does not depend on p. Therefore

9p
8
sup |w\2 < cp_N/ rN= 1/\w]2dwdr—cp / rV— 1Z¢2 20k
pERS 2
Q/

m\%

4 4 k=2

9p

8 ~ ~ ~
= 6/3 r22 | — 1|5 = c1p”
T
So we conclude that i i
vy (x) > P1r*ér(w) —er®  in Cg,,
Since ag < @1 < 0 this implies (4.4). O

12



Remark 4.3. Related estimates were obtained by Murata [22, pp.608-612] for the cone with a
Lipschitz cross—section Q@ C SV~!. Notice that if Q is a Lipschitz domain (or, more generally,
a domain which satisfies the boundary Harnack principle), then the boundary Harnack principle
allows one to prove that the function v; = r%¢; is a minimal positive solution to (4.2) in C.
The use of compactly supported function ¢ (and hence, of full series expansion in (4.3)) in the
construction of the minimal positive solution v, is required for comparison on cones with general
nonsmooth cross—sections (2.

Proof of Theorem 1.3. We distinguish the subcritical and critical cases.

Subcritical case 1 < p <1 —2/a_. Assume that v > 0 is a supersolution to (4.1) in Cf, for some
r € (0,1). Then u > 0 is a supersolution to

(4.5) —Au=0 in Cg.

By Lemma 2.5 we conclude that u > cvy in C}, where v, > 0 is a minimal positive solution (4.3)
to equation (4.5) in C,. Then by Lemma 4.2 for a subdomain €' € § one has

(4.6) vy > clz|* in Cy.
So u > 0 is a supersolution to
(4.7) —Au—Wu=0 in C},
where W (x) := uP~!(z) satisfies

W(z) > @ a1 in Cb,,
with a_(p — 1) > —2. Now Lemma 2.7 leads to a contradiction.

Critical case p=1—2/a_. Let u > 0 be a supersolution to (4.1) in Cf, with the critical exponent
p* =1—2/a_. Then arguing as in the previous case we conclude that u is a supersolution to (4.7)
with W(zx) := u?"~(z) satisfying

on a subdomain Q' € Q. Let xo(w) be the characteristic function of . Then u is a supersolution
in C}) to the equation

Ay X (@)

(4.8) - o

v=0 1in Cgq,

for any € € [0,c¢” ~!]. By the variational characterization of the principal Dirichlet eigenvalue one
can fix € > 0 small enough in such a way that A\; = A\ (—A,—exqr, Q) > —(N — 2)2/4. Let wy be
a minimal positive solution (4.3) to equation (4.8) in C} with such fixed e. Applying Lemma 4.2
to (4.8) we conclude that for a subdomain Q" € € one has

&

u > crwy > el in C}),,,

13



where &1 > a—. So u > 0 is a supersolution to
(4.9) —Au—-Wu=0 in C},
where W (x) := uP" ~1(z) satisfies
W(z) > @ " Ha|M@ =D in ¢,
with é&;(p* — 1) > —2. This contradicts to Lemma 2.7. O

Remark 4.4. Strictly speaking, in the above proof the subcritical case 1 < p < 1 —2/a_ is
redundant, due to Proposition 1.1 (ii).

Let Q ¢ SV—! be a domain such that A\; = A1(2) > 0. Define the operator Ly by

0? N-10 dr)1
4.10 Lj=—— — el
(4.10) d or? roOr A\ o2
where d(r) is measurable and squeezed between two positive constants. Then Ly is a divergence
type uniformly elliptic operator =V - a4 -V (see, e.g., [36]).

Proof of Theorem 1.4. Consider the operator L; where d(r) = a(a+ N — 2) with a <2 — N.
Following the lines of the proof of Theorem 1.3 we conclude that p*(aq,Cq) = 1 — 2/a. Clearly for
any given p € (1, %), one can choose « such that p*(aq,Cq) = p. O

Remark 4.5. In the above proof equation (1.1) has no positive supersolutions at infinity in Cq
in the critical case p = p*(aq,Cq). Next we give an example of equation (1.1) with a positive
supersolution at infinity in the critical case.

Let © € SV~! be smooth and Lj be as in (4.10) with

~ 2—N — 2« 2
d(r) = a(a+ N —2) + + :
(7’) a(a ) log(r) log2(r)

where a@ < 2 — N. For large enough R > 1 the operator L; = —V -a;-V is uniformly elliptic
on Cg. Let ¢1 > 0 be the principal Dirichlet eigenfunction of —A,,, corresponding to A;. Direct
computation shows that the function

a

r
Vg = @Qﬁ

is a solution to the equation

(4.11) Ljv=0 in C§.

Since €2 is smooth, the Hopf lemma implies that vy, is a minimal positive solution to (4.11) in Cg.
Following the lines of the proof of Theorem 1.3, subcritical case, we conclude that p*(aq,Cq) =
1 —2/a. On the other hand, one can readily verify that u = r%¢; is a positive supersolution to
(1.1) in the critical case p =1 — 2/a.

Note that the value of the critical exponent for L; is the same as Ly due to the fact that

lim (d(r)—d(r)) = 0. However the rate of convergence is not sufficient to guarantee the equivalence
r—00

of the corresponding minimal positive solutions (see, e.g. [2, 27] for the related estimates of Green’s
functions). This explains the nature of the different behavior of the nonlinear equations (1.1) at
the critical value of p.

14



5 Proof of Theorem 1.6

First we show that for any domain Q C S™V~! one has p*(a,Cq) > 1. Then we prove the second part

of theorem 1.6, saying that if the complement of © has nonempty interior then p*(a,Cq) < NL_

2
We start with establishing a lower bound on positive solutions of the equation
(5.1) —V-a-Vv=0 in Cq.

Lemma 5.1. Let 2 C SV~ be a domain and Q' € Q. Then there exists a = () <2 — N such
that for any p > 0 any positive solution v to equation (5.1) in Cf, has a polynomial lower bound

2
(5.2) v>clz| in Cgf.

Proof. Set a =3/4,b="7/4. Let r > 2p and m, = infc(m,rb) v. By the strong Harnack inequality v
QI

satisfies

inf v>Cg sup w,
C('ra,'rb) (ra,rb)
o CQ,

with the constant Cg € (0,1) dependent on €’ and not on r, as a simple scaling argument shows.
Then

(5.3) my, < sup v< sup v< Cgl inf v< CSTI inf v= C’glmgr.
(ra,rb) (ra,2rd) (ra,2rb) (2ra,2rb)
CQ, ’ CQ, ’ CQ/ CQ/

Let r, = 2"p and n € N. Iterating (5.3) we obtain m, > Cg_lmgp. Choosing n such that

ar, < |x| < 2ar, one can see that

a2
v>clz|* in CH7,

where a = log, Cs and ¢ = ¢(p) = (ap) “Cyg'ms,. Taking into account (2.9) we conclude that
a<2-—N. OJ

Remark 5.2. A similar argument was used before by Pinchover [28, Lemma 6.5]. Observe that in
the same way one can get a rough polynomial upper bound on positive solutions of (5.1).

The lower bound bound (5.2) allows us to prove nonexistence of positive solutions to (1.1)
exactly by the same argument as was used in the proof of Theorem 1.3 in the subcritical case.

Proposition 5.3. Let Q@ C SV=! be a domain. Then p*(a,Cq) > 1 —2/a where o < 2 — N is the
exponent in the lower bound (5.2).

Proof. Assume that u > 0 is a supersolution to (1.1) in C{, with exponent p < 1—1/a. By Lemma
2.3 and (5.2) we conclude that for any subdomain Q' C  there exists ¢ = ¢(2) > 0 such that

u > clz[* in C?{,HQ.
Therefore u is a supersolution to
. 2p+2
~V-a-Vu=Vu in CQ’,)Jr ,

where V (z) := uP~!(z) satisfies the inequality

V(z) > |z[*®Y in cht?
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with a(p — 1) > —2. Then Lemma 2.7 implies that u = 0 in C{. Since a > 0 does not depend on
p, we conclude that p*(a,Cq) > 1—1/a. O

Our next step is to obtain a polynomial upper bound on the minimal positive solutions to the
equation

—V-.-a-Vo—-Vuv=0 in Cq,

with a special potential V' which will be specified later. In order to do this we need the notion of
a Green bounded potential. Let I',(z,y) be the positive minimal Green function to

—-V-a-Vo=0 in RV,

We say that a potential 0 <V € L} (RY) is Green bounded and write V € GB if

Wlanai= sup [ Tulwa)Vs)dy < .

z€RN

which is equivalent up to a constant factor to the condition sup,cpn [pn |2 — y[> V|V (y)|dy < oo,
but we will use below the numerical value of ||V||gp,.. One can see, e.g. by the Stein interpolation
theorem, that if V' € GB then V is form bounded in the sense of (2.2). We will use the following
important property of Green bounded potentials, which was proved in [16], see also [23, 24, 27, 29].

Lemma 5.4. Let V € GB and ||V ||gB,o < 1. Then there exists a solution w > 0 to the equation
(5.4) ~V-a-Vo-Vw=0 in RY,
such that 0 < ¢ < w < ¢! in RV,

Using this result we first prove the required upper bound in the case of the ”half-space” cone
C+ = {xn > 0} with the cross—section Sy = {|z| = 1,zy > 0}. For a given uniformly elliptic
matrix @ and a potential V defined on C4 we denote by @ and V' the extensions of a and V from
C, to RN by reflection, so that a(-, —zy) = a(-,zy) and V(-, —zx) = V(-,zx). Thus the matrix a
is uniformly elliptic on RY with the same ellipticity constant as a.

Lemma 5.5. Let 0 <V € L, (C4) be a potential such that |V|gpa < 1. Let vy > 0 be a minimal

loc
positive solution in C}r to the equation

—V-a-Vo-Vuv=0 1in Cy4,
as constructed in (2.6), (2.7). Then there exists v € (0,1) such that
(5.5) 0<wy <clz* ™ in CL.

Proof. Let v denote the extension of vy, from Ci to B by reflection, that is 0(-, zn5) = —vy (-, —zn).
Thus o(z) is a solution to the equation

~V-a-Vo—-Vo=0 in Bf.

Let w be a solution to (5.4) given by Lemma 5.4. One can check by direct computation (see [17,
Lemma 3.4]), that v; := 0/w is a solution to the equation

(5.6) ~V - (w?a)-Vvy =0 in B,
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where the matrix w?a is clearly uniformly elliptic. Let I'(z) := I',25(z, 0) be the positive minimal

Green function to the equation —V - (w?a) - Vu = 0 in RY. By the classical estimate [21] one has
(5.7) ale N <I(z) < elz)>N in B

Applying Lemma 2.3 to v; and I" on C’_lF and by the construction of v; we conclude that

(5.8) lvi(x)| < esT'(x) on BY.

Applying the Kelvin transformation y = y(x) = x/|z|?> and z = z(y) = y/|y|? to (5.6) we see that
the function 01 (y) = vi(z(y))/I'(z(y)), © € L*>(By), solves the equation

*V'EL'V’El:O in Bl,

where the matrix a(y) is uniformly elliptic on By. It follows that 9; € H. (Bi) (see, e.g., [31]).
Then, by the De Giorgi — Nash regularity result [15], 1 € C%7(By) for some « € (0,1). Notice that

o1(y) =0 in {y€ By, yy =0}
by the construction. Therefore ©;(0) = 0, hence
[o1(y)[ < clyl” in By

We conclude that
0] < es|vn(z)| < calz* M7 in BY,
as required. .

Lemma 5.6. Let Q C SV~ be a domain such that SN ~1\ Q has nonempty interior. Let

€
(Jz[*log? |z]) v 1

We(x) :=

Then there exists € > 0 and = () < 2 — N such that any minimal positive solution vy in C}) to

the equation
—V-a-Vo—Waw=0 in Cq

has the polynomial upper bound
(5.9) vy < x|’ in CY,

Proof. If Cq C Cy4 then (5.9) follows from (5.5) by Lemma 2.3. We shall consider the case Cq Z C.
Without loss of generality we can assume that (0,...,0,—1) € Q. Set & = (x1,...,2ny-1) and
o=inf{|Z]:z € Q,zy < 0}. Let D, = {x € SN~ |Z| < 0,2y <0} and D, := SN=1\ D,. Then
Cqo CC Do Extend the matrix a by id from Cq to C Do Let w, be a minimal positive solution in
C}DU to the equation
—V-.-a-Vw—-—Waw=0 in Cﬁo‘
To complete the proof we need only to show that wy, satisfies (5.9) in 6115 . Then the same bound

o

on minimal positive solutions in C&, follows from Lemma 2.3.
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Consider the transformation
y=y(x)=(x1,...,oN-1,2N + k|Z|),

where k = vo~=2 — 1. Then y : Cp, — C+ is a bijection, the Jacobian of y(z) is nondegenerate and
has the determinant equal to 1 everywhere. Moreover, |z| < |y(z)| < k|z| for all z € C;, , where

Doy
Kk = V2 + k2. Therefore w(y) := wy(x(y)) solves the equation

A

—V i Vi —Wab=0 inCF,

with the uniformly elliptic matrix a(y) := a(z(y)) and We(y) := We(z(y)). One can easily check
by direct computation that W, € GB. Fix e > 0 such that HWeHGB,é < 1. Then by Lemma 5.5 we
conclude that w(y) satisfies (5.5). Therefore wy(z) obeys (5.9) with 8 := 2— N —+ as required. [J

Proposition 5.7. Let Q@ C SV=! be a domain such that SN\ Q has nonempty interior. Then
p*(a,Cq) < 1—2/8, where 3 <2 — N is from the upper bound (5.9).

Proof. Fix p > py=1—2/0 and set 6 = p — po. Let wy > 0 be a minimal positive solution in Cé
to

—V-a-Vw—Waw=0 in Cq
where € > 0 is from Lemma 5.6. Then by (5.9) for some 7 = 7(§) > 0 small enough the function

Tw,, satisfies

7p—1c €
Fwg)P~t < P (el < T < N
(Fwy)P ™! < 77 (c]z]P)P! < || 20181 = |22 1og? (2] + 2)

We(z) in CY.

Therefore
—V-a- V(?ww) = Wg(f"wd,) > (fwd,)pfl(f'ww) = (?ww)p in Cé,

that is 7w, > 0 is a supersolution to (1.1) in C. O

Concluding remarks. The proofs of Propositions 5.3 and 5.7 rely only on the polynomial lower
and upper bounds (5.2) and (5.9). Namely, given a < f < 2 — N in (5.2) and (5.9) we conclude

that 5 5
1—=<9p%(a,Cq)<1—=.
a_P(a, o) < 3

By the next example we show that the (optimal) constants o and ( might be actually different.
Let Q ¢ SV~ be smooth and Ly be as in (4.10) with

d(r) = A(r)(A(r) + N — 2) + R(r),

where
A(r) = v+ d[sin(k loglog(r)) + k cos(k loglog(r))],
R(r) = kd[cos(kloglog(r)) — ksin(k loglog(r))] log_l(r),

v <2—-N,d§>0and k > 0 such that v + 6vVk?+1 < 2 — N. Thus for large enough R > 1
the operator Ly = —V - a4 - V is uniformly elliptic on Cg. Let ¢1 > 0 be the principal Dirichlet

18



eigenfunction of —A,,, corresponding to A;. Direct computation and the Hopf Lemma show that
the function

Vg, 1= T,'y—l—ésin(klog log(r))¢1
1

is a minimal positive solution to the equation Lyv = 0 in C§. Clearly any o and 3 (o < 8 < 2—N)
could be represented as a« = y— 6 and § = v+ 6 for an appropriate choice of parameters v, d and k.
Therefore one cannot expect a sharp polynomial asymptotic of minimal solutions to the equation
—V -a- Vv =0 in cone-like domains without additional restrictions on the matrix a(x).

It is an interesting open problem to determine the value of the critical exponent p*(a,Cq) in
the case of minimal solutions oscillating at infinity between two different polynomials.

Acknowledgements

The research of the first named author was supported by the Institute of Advanced Studies of the University
of Bristol via Benjamin Meaker Fellowship. It is a pleasure to thank the university for support and hospitality.
The authors are grateful to Zeev Sobol for useful remarks, to Yehuda Pinchover for interesting discussions
and to the anonymous referee for valuable comments.

References

[1] S. AGMON, On positivity and decay of solutions of second order elliptic equations on Riemannian man-
ifolds, in Methods of functional analysis and theory of elliptic equations (Naples, 1982), 19-52, Liguori,
Naples, 1983.

[2] A.ANCONA, First eigenvalues and comparison of Green’s functions for elliptic operators on manifolds
or domains, J. Anal. Math. 72 (1997), 45-92.

[3] C.BANDLE AND M. ESSEN, On positive solutions of Emden equations in cone-like domains, Arch.
Rational Mech. Anal. 112 (1990), 319-338.

[4] C.BANDLE AND H.A.LEVINE, On the existence and nonezistence of global solutions of reaction—
diffusion equations in sectorial domains, Trans. Amer. Math. Soc. 316 (1989), 595-622.

[5] H. BERESTYCKI, I. CAPUZZO-DOLCETTA AND L. NIRENBERG, Superlinear indefinite elliptic problems
and nonlinear Liouville theorems, Topol. Methods Nonlinear Anal. 4 (1994), 59-78.

[6] M.-F.BIDAUT-VERON, Local and global behavior of solutions of quasilinear equations of Emden-Fowler
type, Arch. Rational Mech. Anal. 107 (1989), 293-324.

[7] M.-F.BIDAUT-VERON AND S. POHOZAEV, Nonezistence results and estimates for some nonlinear el-
liptic problems, J. Anal. Math. 84 (2001), 1-49.

[8] I. BIRINDELLI AND E. MITIDIERI, Liouville theorems for elliptic inequalities and applications, Proc. Roy.
Soc. Edinburgh Sect. A 128 (1998), 1217-1247.

[9] E.N.DANCER AND G.SWEERS, On the existence of a maximal weak solution for a semilinear elliptic
equation, Differential & Integral Equations 2 (1989), 533-540.

[10] K. DENG AND H. A. LEVINE, The role of critical exponents in blow-up theorems: the sequel, J. Math.
Anal. Appl. 243 (2000), 85-126.

[11] W. Y. DING AND W.-M. N1, On the elliptic equation Au+ Ku+2/("=2) = ( and related topics, Duke
Math. J. 52 (1985), 485-506.

19



12]
13]
[14]
[15]
16]
17]

[18]

[19]

[20]
[21]

[22]

[23]

H. EGNELL, Positive solutions of semilinear equations in cones, Trans. Amer. Math. Soc. 330 (1992),
191-201.

M. FUKUSHIMA, Y.OsHIMA AND H.TAKEDA, Dirichlet Forms and Symmetric Markov Processes.
Walter de Gruyter, Berlin, 1994.

B. GipAs AND J. SPRUCK, Global and local behavior of positive solutions of nonlinear elliptic equations,
Comm. Pure Appl. Math. 34 (1981), 525-598.

D. GILBARG AND N.S. TRUDINGER, Elliptic Partial Differential Equations of Second Order. Second
edition, Springer, Berlin, 1983.

A. GRIGOR’YAN AND W.HANSEN, A Liouville property for Schridinger operators, Math. Ann. 312
(1998), 659-716.

V. KONDRATIEV, V. LISKEVICH AND Z. SOBOL, Second—order semilinear elliptic inequalities in exterior
domains, J. Differential Equations 187 (2003), 429-455.

V. KONDRATIEV, V. LISKEVICH, Z. SOBOL AND A. Us, Estimates of heat kernels for a class of second-

order elliptic operators with applications to semi-linear inequalities in exterior domains, to appear in J.
London Math. Soc.

G. G.LAPTEV, Absence of global positive solutions of systems of semilinear elliptic inequalities in cones,
(Russian) Izv. Ross. Akad. Nauk Ser. Mat. 64 (2000), 107-124; translation in Izv. Math. 64 (2000),
1197-1215.

H. A.LEVINE, The role of critical exponents in blowup theorems, STAM Rev. 32 (1990), 262-288.

W. LITTMAN, G.STAMPACCIA AND H. F. WEINBERGER, Regular points for elliptic equations with dis-
continuous coefficients, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (3)17 (1963), 43-77.

M. MURATA, On construction of Martin boundaries for second order elliptic equations, Publ. Res. Inst.
Math. Sci. 26 (1990), 585-627.

M. MURATA, Semismall perturbations in the Martin theory for elliptic equations, Israel J. Math. 102
(1997), 29-60.

M. MURATA, Martin boundaries of elliptic skew products, semismall perturbations, and foundamental
solutions of parabolic equations, J. Funct. Anal. 194 (2002), 53-141.

E. MITIDIERI AND S. I. POHOZAEV, A priori estimates and the absence of solutions of nonlinear partial
differential equations and inequalities (Russian), Tr. Mat. Inst. Steklova 234 (2001), 1-384.

W. M. N1, On the elliptic equation Au + K(x)u(”'+2)/("_2) = 0, its generalizations, and applications in
geometry, Indiana Univ. Math. J. 31 (1982), 493-529.

Y. PINCHOVER, On the equivalence of Green functions of second order elliptic equations in R™, Differ-
ential Integral Equations 5 (1992), 481-493.

Y. PINCHOVER, On positive Liouville theorems and asymptotic behavior of solutions of Fuchsian type
elliptic operators, Ann. Inst. H. Poincaré Anal. Non Linéaire 11 (1994), 313-341.

Y. PINCHOVER, Mazimum and anti-mazximum principles and eigenfunctions estimates via perturbation
theory of positive solutions of elliptic equations, Math. Ann. 314 (1999), 555-590.

R. G. PiNsky, Positive Harmonic Functions and Diffusion. Cambridge Univ. Press, 1995.

J. SERRIN AND H. F. WEINBERGER, Isolated singularities of solutions of linear elliptic equations, Amer.
J. Math. 88 (1966), 258-272.

J.SERRIN AND H. Zou, Cauchy—Liouville and universal boundedness theorems for quasilinear elliptic
equations and inequalities, Acta Math. 189 (2002), 79-142.

20



M. STRUWE, Variational Methods. Springer—Verlag, Berlin, 1990.
J.F. ToLAND, On positive solutions of —Au = F(x, u), Math. Z. 182 (1983), 351-357.

[33]

[34]

[35] L. VERON, Singularities of Solutions of Second Order Quasilinear Equations. Longman, Harlow, 1996.
[36] H. VoaT, Equivalence of pointwise and global ellipticity estimates, Math. Nachr. 237 (2002), 125-128.
[37]

QI S. ZHANG, An optimal parabolic estimate and its applications in prescribing scalar curvature on some
open manifolds with Ricci > 0, Math. Ann. 316 (2000), 703-731.

[38] QI S.ZHANG, A Liouville type theorem for some critical semilinear elliptic equations on noncompact
manifolds, Indiana Univ. Math. J. 50 (2001), 1915-1936.

21



