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1 Introduction

We consider a class of pseudo differential operators

1) o Dyu(w) = (2)" V2 [ (o, )a(€)dg

RN
where p : RV x RV — R is a real valued continuous symbol such that p(z,-) :
RN — R is negative definite in the sense of I. J. Schoenberg. Under suit-

able conditions p(z, D) extends from C§°(RY) to a generator of a symmetric
Dirichlet form (B, D(B)) with domain D(B) C Lo(R"™) and

B(uv ’U) = (p(I'?D)ua U)LQ for u,v € CSO(RN)

In this paper we are interested in the semilinear boundary value problems for
p(z, D) on some open set @ C RY. The main difficulty which arise is that
p(z, D) is in general a non—local operator not satisfying the transmission condi-
tion. Nonlocality means that supp(u) C Q' does not imply supp (p(x, D)u) C
for all open sets ' C RY. Several approaches to the linear boundary value
problems for the operator p(z, D) were considered in the papers [6, 10], see also
[9]. From the considerations in these papers it seems to be reasonable to give
the following formulation of the semilinear Dirichlet problem for p(x, D) on :
given a Caratheodory function f : RY xR — R, find u : RN — R such that

2) {P(%D)u = f(z,u) ae inQ,

u = 0 a.e. in Q°

where Q@ C RY (N > 3) is an open bounded set with sufficiently smooth
boundary 9§ and complement Q¢ = RV \ Q.

We will use a classical variational approach to handle a weak formulation
of this problem. According to such approach the weak solutions of the problem
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(2) correspond to the minima of the energy functional for (2) on the certain
anisotropic Sobolev space. The existence of the minima for the energy func-
tional is provided by the usual one-sided estimates for the nonlinearity. Further
we will see that the property of being a Dirichlet form enables us to develop
truncation techniques for the problem (2) which seems to be new for nonlo-
cal pseudo differential operators. Such techniques, typical for the second—order
partial differential operators allow to obtain some results about existence of
bounded positive solutions for the problem (2) and to relax the growth con-
ditions on the nonlinearity. The motivation for considering such a problem is
given by the theory of superprocesses, see E. B. Dynkin [4]. We will come back
to these relations in another paper.

Acknowledgements. The first named author had been supported by the
DFG-grant Ja 522/7-1. The second named author had been supported by the
one—year scholarship of the DAAD — German Academic Fxchange Service and
by the Belorussian Fund of Fundamental Research.

2 A class of Pseudo Differential Operators

Let us recall some results from [7], see also [9]. Let a? : RN — R be a real valued
continuous negative definite function, that is a? is a continuous function such
that a2(0) > 0 and for all £ > 0 the function & — e~ is positive definite.
We define for s > 0 the norm

Jull = [ 1+ @)l ldg
RN
and the anisotropic Sobolev spaces
H*(RV) = {u € Ly(RY) : [Jufl 2,5 < o0}

The space H a?,s (RM) is a real Hilbert space with the scalar product

(wo)ars = [ (1 +aO) a0

and C$°(RY) is a dense subspace of H?5(RN). For a2(¢) = |¢[2 the space
H5(RN) coincides with the usual Sobolev space H2(RN).

It is known that a real valued continuous negative definite function a? sat-
isfies for some ¢ > 0 the estimate

(3) 0 < a*(€) < e(l+ ).
Suppose also that for some 7 € (0, 1] the function a? satisfies the condition
(ar) a*(&) > c|¢|*" for some ¢ >0 and all £ € RV, |¢| > R > 0.

Then H*(RY) is continuously embedded in H2"(RN). Using embedding
theorems for the Sobolev scale H*(R™) we can obtain embedding results for
HaQ,s(RN)‘



In the following we will always suppose that p : RY x RY — R is a real-
valued continuous symbol such that for any fixed 2 € RY the function p(z,) :
RY — R is negative definite and p(z, &) has the decomposition

p(x,€) = p1(8) + pa(z,¢)
where for a suitable m € N
(p1) |p1(&)] < c(1 + a?(€)) for some ¢ > 0 and all £ € RY;
(p2) p2(-,€) € C™(RY) and for all § € Ng, |8 < m,
|02p2(,€)| < pp(@)(1+ a’(€))
holds for all £ € RY with some g € Ly (RY);
(p3) p1(€) > 27y0a?(€) for some vp > 0 and all £ € RN, |¢] > R > 0;
(Pa) Ejaj<mll®allr, is small w.r.t. vo (in a very precise sense, see [7]).
Then the operator p(x, D) as defined in (1) maps C§°(R”) into the space C(R™)
and the bilinear form associated with p(z, D)

B(u,v) = /]RN p(z, D)u(zx) - v(z)dx

is defined for u,v € C§° (R™). In the following we will suppose that the operator
p(z, D) is symmetric on C§°(RY). Then p(z, D) has a selfadjoint extension on
Lo(RN) with domain H**'(RY). The bilinear form B extends to a continuous
symmetric Dirichlet form with domain H%"Y/2(RN), see [5, 11] for the general
theory of Dirichlet forms and their properties. In particular the form B is
positive definite on H%*1/2(RV), i.e.

B(u,u) >0 forall ue HYV2(RN).
Moreover the form B satisfies Garding inequality
(4) B(u,u) > yollull%2 1 o — AollullZ,,

here ~p is taken from condition (p3) and A > 0.

3 Variational settings of the problem

Let Q C RY (N > 3) be an open set with smooth boundary 9 and u € C§°(Q2).
We can extend u to RY by setting it in Q¢ equal to zero obtaining a function
in C$°(RY) with support in Q. For this reason we can identify C5°(Q) as a
subspace of C§°(RY). Since C$°(RY) C H%$(RN) we can take the closure

00 : a2,1/2 (N : a?,1/2
of C3°(Q) in H*»"/#(R") which we denote by H, (©). Suppose that u €
ng’l/g(Q). For any ¢ € C§°(92¢) we find

/IRN u(z)p(z)dr = lim up(z)p(x)dr =0

n—oo [pN



where (u,) C C§°(€2) converges to u in the norm || - |42 1 /2. Thus we find u = 0
a.e. in Q¢ showing that elements in H 51/ 2(Q) fulfill the “boundary” condition
in a generalized sense.

It is shown in [7] that under condition (a,) the space HgQ’l/ 2(Q) is contin-
uously embedded into the standard Sobolev space H{(£2). Using the Sobolev
embedding theorems we obtain the sequence of continuous embedding

(5) HEYV2(Q) C Loaw (Q) C Lo(Q) C L aw (RV).

N—-2r N+2r

Moreover L oy (RY) embedded into [Hgg’l/z(Q)]* in the sense that

N+2r

In(u) = /]RN h(z)u(x)dzx

2
is a linear continuous functional on H 1 2(9) for each h € L av (RY). Since
N+2r

2 is bounded the embedding of H 2’S(Q) into Ly(£2) is compact and there exists
the precise embedding constant o = o(£2) > 0 such that

a?,1/2
(6) lull yeny < ollllaznjo forall we Hy ().
Combining (6) with Garding’s inequality (4) we obtain the estimate
a2
(7) Blu,u) > (o = doo?)llull%a,p forall ue HY V()

that is we can assert that B is strictly positive definite for domains  with
sufficiently small embedding constant o(2). However the form B is always

2
positive definite on Hy A/ 2(Q) since B is Dirichlet form and we can replace (7)
by the estimate

(8) B(u,u) > (0V (30 — Aoo?))|[ull22,, , forall e HEVA (@),

Now let u € ng’l/Q(Q) such that p(x, D)u € La(RY) be a solution of the
Dirichlet problem (2) and suppose that the function f(x,u(x)) is integrable.
Multiplying with ¢ € C§°(£2) we find

) Blug) = | f(ou@)pla)da

for all ¢ € C§°(2). Conversely, it is clear that if u € H32’1/2(Q) satisfies (9)
for all ¢ € C§°(2) and p(x, D)u € La(RY) then u is a solution of (2). For this
reason we will say that w is a weak solution of the Dirichlet problem (2) if (9)
holds for all ¢ € C§°(2).

Let us note that in general the function f(z,-) has a nontrivial dependence
on z even on the complement of Q. For example the class of functions f(x,u) =
g(u) +h(x) with supp (h) = RY is admissible. It is easy to see that actually the
solutions of Dirichlet problem (2) do not depend on the behaviour of x — f(x,u)



on Q°. It is possible to assume that f(z,u) = 0 on Q°. However we prefer to
consider the more general case f : RY x R — R because of the probabilistic
motivation of the Dirichlet problem (2), see [8] for the discussion in the linear
case.

We define the energy functional J for problem (2) by means of formula

J(u) = %B(u,u) _ /RN Fla, u(z))dz,

here

F(z,u) = / " g de

is the primitive of f with respect to the second variable, note that F'(x,0) = 0.
We are interested in the conditions on a nonlinearity f(x,u) which ensure

2
that the energy functional J is well defined on H 172 (©) and each local mini-
mum of J corresponds to a weak solution of the original boundary value problem

(2).
Lemma 1 Suppose that f(x,u) satisfies the assumption

(f) there exists ¢ >0 and h € L_an (RY) such that

N+2r

f(@,0)| < clul V2 + h(z).

Then the functional J is defined on ng’l/Q(Q).

Proof. From condition (f,) it follows that the primitive F(x,u) satisfy the
estimate -
|F(x,u)] < c1|u|¥=2r + coh(x)u.

Then

/ F(a:,u(ac))dxgcl/ |u(:c)|N21V2de+62/ h(z)u(x)dx <

RN Q RN

2N
allulle oy )¥2 +eallblle on Null ,y <oo
N-—-2r N+2r N-—-2r

. a?,1/2 N
since u € H,, (Q) C L 2nv () and he L ov (RY). O

N-—2r N+2r

Lemma 2 Suppose that assumption (f,) holds. Then the functional J is Gateaux

differentiable on the space H32’1/2(Q) and its derivative for all p € H32’1/2(Q)
is given by the formula

(10) J'(u)(¢) = B(u, ) — o f (@, u(z))p(x)dz.

Moreover each local minimum u € HSQ’l/Q(Q) of the functional J is a weak
solution of the Dirichlet problem (2).



Proof. Clearly B(u,u) is differentiable on Hy *1/2 (2) as a continuous bilinear

form and its derivative for all ¢ € H 1 2(Q) is given by the formula

B'(u, u)(p) = B(u, ¢).
We check the differentiability of the nonlinear term
Jr(u) = / F(z,u(z))dx.
RN
By the mean value theorem for each u € HgQ’l/Q(Q) and ¢ € H32’1/2(Q) there

exists a function 6(z) such that 0 < #(x) <1 and

Jrp(u+ 79
-

(11)

P2 [ o ute) + 70(a) (o) pla)da,

It is known [1] that the function § may be chosen to be measurable so § € Lo (€2)
and the right hand side of (11) makes sense.

We shall verify that the integral on the right hand side of (11) does exist.
Recall that H82’1/2(Q) C L%(Q) by the sequence of embedding (5). Hence

we have for 7 € R
u(z) + 70(z)p(z) € L_2n ()

N—2r

Further from assumption (f,) it follows that

f(@ u(z) +m8(x)p(x)) € L 2v_(RY),

N+2r

see cf. [1]. Since ¢ € HgQ’I/Q(Q) C L 2o~ (§2) we have

N—2r

f@, u(z) +70(z)p(x))p() € Li(RY).

Hence the integral in the right hand side of (11) does exist.
Let |[7] <1 and 7 — 0. Clearly

u(@) +70(x)p(z) — u(z)
in measure and form an U-bounded family of functions in LNQN (), i.e. there
—27r
exists U € LN2N (©) such that
—2r
lu(z) + 70(x)p(x)| < U(z) forall 7e[-1,1].

Hence for || <1land 7 — 0

fl@,u(@) +70(z)p(x)) — f(2,u(z))

in measure and makes an U-bounded family of functions in L_»v (R™). So the
N+2r
Lebesgue dominated convergence theorem can be applied to (11) and we have
Jr(u+ 19) — Jp(u)

d .
Tp()() = —Jr(u+70)|.—o = lim - _




lim/Qf(:c,u(x)—i—TG(x)go(a;))(p(m)da:—/Qf(w,u(m))ga(x)dw.

7—0

Since f(z,u(z)) € L _an_(RY) it follows that J}(u, -) is a linear continuous func-
N+2r

. a?,1/2 c g . . a?,1/2
tional on H,, (2) and therefore Jp is Gteaux differentiable on H, (Q).

Finally let u € H32’1/2(Q) be a minimum for J. Clearly (f,) implies that
the function f(z,u(x)) is integrable. By the classical Euler—Fermat principle
we have

T(u)(e) = Blug) - [ flau@))pla)ds =0

for all p € Hg2’1/2(Q). Hence (9) holds for all ¢ € C§°(£2) and therefore is u is
a weak solution for the Dirichlet problem (2). O

Remark 1 By a standard arguments we can also prove that actually under

assumption (f,) the functional J is continuously differentiable on HSQ’I/ ().
This follows by the standard arguments from the continuity of the embedding

2
Hg 1/ 2(Q) C L 2~ . However we do not need it in the further consideration.
n—2r

4 Existence of a minimum

In this section we are interested in investigating the conditions which lead to the
existence of a minimum for J. According to the classical Weierstrass principle
(see, cf. [13]) it suffices to verify that J is coercive and (sequentially) lower

2
semicontinuous with respect to the weak topology on Hj A/ 2(Q), that is
J(u) — 400 as Hu||a271/2 — 0.
Let F satisfy the usual one—sided coercive condition

(F) there exist o < 0V (2§ — Xo) and a functions h € L_2x (RY), g € L1(RY)

N+27r
such that o
F(z,u) < Gu® + h(z)u+ g(z),

here 79, Ao is a taken from Garding inequality (4) and o is the embedding
constant from (6). We assert that under the condition (F') the functional J
attains its infimum.

Lemma 3 Suppose that assumptions (f,), (F) holds. Then the functional J is
bounded from below and coercive.

Proof. From (F') and estimates (6), (8) it follows that

B(u,u) — /RN {%uQ(x) + h(x)u(z) + g(x)} dx =



1
5 (0V (90 = 200%)) = a0®) [[ullz 1 5 = 1ollaz, 1 ollelGz 1 o = llglly — +o00

as [Jul|42,1/2 — 400 since by assumption o < 0V (13 — A). O

Lemma 4 Suppose that assumptions (f,), (F') holds. Then the functional J is

2
lower semi—continuous in the weak topology of Hg ’1/2(9).

Proof. The energy functional J can be rewritten in the form:

J(u) = %B(u,u) _ /RN Pz, u(z))de =
%B(u, u) — /RN %u2(a:) + h(z)u(z) + g(z)dx +

L A50@ + hwyute) + 9(a)} - Fa.uta))de =

{3800 =, } - [ weuis- [ o+

/R A{%2@) + h@u@) + o)} - Fa,u(e)da.

Let us consider each term separately. We have by (F') and (6),(8)

1 « 1
iB(ua u) — 5”“”%2 > 5(0 V (70 — Ago?) — 0402)”“”32,1/2 >0

for all u Hg 1/ 2(Q) Hence the quadratic term is (sequentially) weakly lower

2
semicontinuous as a positive definite form on Hy 1 2(Q) (see cf. [14]). Also
the linear term generated by h € L_anv (RY) is continuous and hence weakly
N+2r

2
continuous on Hy ’1/2(9).

Now let us consider the last term

Tr(u) = /R 5w + h@put) + g(e)} - Fou@)ds.

2
Let (u,) C Hy ’1/2(9) be a sequence weakly converging to up. Then (uy)

is bounded in HSQ’l/Q(Q). Since the embedding of HgQ’l/Q(Q) into Lo(2) is
compact, (u,) contains a subsequence converging in Lo(€2). It is easy to see
that weak convergence in Hy 1 ?(€) and convergence in Ly(£2) are consistent in
the sense that if the sequence converges in both topology then limits coincide.
We conclude that (u,) converges to ug in L2(€2) and hence converges to ug in
measure. Then the sequence

L2(@) + h(@)un (@) + g(x) — F(@, un(2))

vp(x) = 5

also converges to

vo(@) = Sud(@) + hi@)uo(w) + g(x) = F(w, uo(x))



in measure. From (F') it follows that the sequence (v,) is nonnegative. Now
applying the Fatou—Lemma we obtain

/ vo(x)dxgliminf/ vp(x)d,
RN RN

n—oo

which means that Jp is (sequentially) weakly lower semicontinuous. O

Theorem 1 Suppose that assumptions (fr), (F') holds. Then J is bounded from
2
below and has a point of minimum on Hg ’I/Z(Q). Moreover if the primitive
2
F(x,u) is strictly conver in u then the minimum point of J in Hy ’1/2(9) is
unique.

The proof of the theorem follows immediately from Lemmas 3 and 4 (see cf.
[13, 14]).

Remark 2 The results of this section remains true without any growth as-
sumptions on |f(z,w)| that is without condition (f,). Of course in this case J

may be not well-defined on the whole space H 1/ 2(Q) However under one—

sided condition (F') the minimum still exists on Dom(J) C Hg2’1/2((2), see [12]
for a close consideration.

5 Solvability - a basic result

The basic existence results for the Dirichlet problem (2) follow immediately
from Theorem 1 and Lemma 2.

Theorem 2 Suppose that assumptions (f,.), (F') holds. Then the Dirichlet prob-
lem (2) has at least one weak solution in the space H32’1/2(Q). Moreover if the
primitive F(x,u) is strictly convex in u then the solution of (2) in Hg2’1/2(Q)
is unique.

As an example let us consider the following problem

(12) p(z,D)u+u’ = h(zx) a.e. in ,
u = 0 a.e. in Q°.

Corollary 1 For each p € (0, %13:) and h € LNzi\;T (RN) the problem (12) has

2
a unique weak solution in the space Hy ’1/2(9).

In the previous sections we discussed the Dirichlet problem (2) using the

Dirichlet space ng’l/Q(Q) generated by p(z, D). Actually we did not further
use the Dirichlet space structure. In the next sections we need this Dirichlet
structure in order to develop the truncation technique for problem (2). This
technique should allow to avoid the growth restriction (f,) on the nonlinearity
f(xz,u) and to obtain some additional information on the properties of the
solutions of (2).



6 Truncation of the nonlinearity

In this section we will always suppose that the form B is strictly positive defi-
nite, that is vg — A\go? > 0.
Let us consider the problem

(13) {P(%D)U = g(U)Jrh(a:) a.e. inQ,

u = a.e. in Q°,
here f: R — R is a continuous function.

Theorem 3 Suppose that the function f(u) satisfies assumption

(14) inf f(u) = —o0, sup f(u) = +o0.

=0 u<0

Then for each h € Loo(RYN) the problem (18) has at least one weak solution

2
@€ Hy ’1/2(9) N Loo(Q). Moreover if the function h is nonnegative on RY then
the solution @ is nonnegative on €.

Proof. We will follow the lines of the proof in [3, Proposition 1] where the
semilinear Dirichlet problem for the Laplacian —A was considered. By (14)
there exist constants ¢ < 0 < b such that

f(a) > max{suph,0} and f(b) < min{glf h,0}.
RN N

We define a truncation of the nonlinearity f(u) by means of formula

fla), if wu<a,
flu)=< f(u), if a<u<b,
f), if u>0b.

The truncation f is a bounded continuous function. Hence f satisfies the growth
condition (f,) and the primitive

Flu) = /0 " f(e)de

satisfies the coercivity condition (F) since yg—Ago? > 0. Therefore by Theorem
2 the truncated problem

{ p(z,D)u = f(u)+ h(z) a.e. in Q,
0

U a.e. in €.

2
has at least one weak solution @ € H ’1/2((2).

We will prove that
a<t(x)<b a.e. inf.

Then @ is a (bounded) solution of original problem (13).

10



Let (@ — b)T > 0 be a test function. Since Hg2’1/2(9) is a Dirichlet space
2
(a—b)* € Hy ’1/2((2). Then we have

=31
—
2
+
=
&
=
s
|
=
Jr
s
QU
8
AN
(an)

(15) /suz)p ((ﬂ—b)ﬂ(f(

since

fla(x)) + h(z) = f(b) + h(z) <0 on supp ((a—0b)")
by the definition of f. Further
0<B((a—b)*, (a—b)")=B(u(@a—b")—B@anb,(a—b%) <0
by (15) and since for all b > 0
B(aAb,(w—b)T)>0

by the property of Dirichlet forms (see e.g. [11, p.32]). Therefore (z —b)* =0
and @ < b. In the same way taking as a test function (@ +a)~ > 0 we can show
that @ > a. In particular if the function h is nonnegative we have a = 0. This
means that @ > 0. O

Corollary 2 For each p > 0 and h € Loo(RY) the problem (12) has at least one

2
weak solution @ € Hy ’1/2(Q)HLOO(Q). Moreover if the function h is nonnegative
(nonpositive) on RN then the solution @ is nonnegative (nonpositive) on €.

Now, consider the problem

plz,D)u = Af(u) a.e. in €,
(16) { u = 0 a.e. in Q°,

here f : R — R is a continuous function such that f(0) =0 and A > 0 is a real
parameter. Clearly u = 0 is a trivial solution of (16). We are interesting in the
existence of nontrivial solutions.

Theorem 4 Suppose that the function f(u) satisfies the assumption

(17) liminf f(u) < 0,

uU—+00

and there exists & > 0 such that f(§) > 0. Then for each A > 0 sufficiently
large the problem (16) has at least one nontrivial nonnegative weak solution

i€ HOV2(Q) N Lo (9).

Proof. The arguments in the case of the Dirichlet problem for the Laplacian
—A is well-known, see cf. [2]. By (17) and the continuity of f there exist

11



constants b > £ such that f(b) = 0. We define a truncation of the nonlinearity
f(u) by means of formula

0, if uw<0,
flu) =< f(u), if 0<u<yb,
0, if w>b.

The truncation f is a bounded continuous function. Let us note that for all
A > 0 the nonlinearity Af has the same “zeros” as f. Therefore Af satisfies the
growth condition (f,), the primitive AF" satisfies the coercivity condition (F),
and by Theorem 1 the truncated functional

Ja(w) = %B(u,u) - A/Qﬁ(u(x))dx

2
has a point of minimum @, € H ’1/2(9) for each A > 0. Clearly @) is a weak
solution of the “truncated” problem

p(z,D)u = Af(u) a.e. in €,
U 0 a.e. in Q°.

We will prove that
0<ujr(x)<b ae. in€.

Then ) is a (bounded) solution of original problem (16).
2
Let (i) — b)T € Hy ’1/2(9) be a test function. Then we have

B(ay, (@x —b)7) = A o Flar(z)) (i — b)* (2)da =

(18) A / f(
supp ((ix—b)T)

since

iy (z))(ay — b) " (x)dz <0

flax()) = f(0) =0 on supp ((ar—0b)")
by the definition of f . Further

0 < B((@ — b)", (Gix — b)") = B(ain, (an — b)*) — B(aa A b, (i) —b)T) =0

by (18) and since B(uy Ab, (ay—b)*) > 0 for b > 0 by the property of Dirichlet
forms. Therefore (@) —b)™ = 0 and uy < b.
2
Similarly taking as a test function (@,)~ € Hy ’1/2(9) we obtain
(19) By, (12)7) = A - flax(x)) (@)~ (z)dz =0
and
0.< B((@) 7, (@)7) = B((ax)", (@x)7) = Blay, (4x)7) <0

by (19) and since
B((ax) ", (2)7) <0

12



by the property of Dirichlet forms (see e.g. [11, p.33]). Hence (@))~ = 0 and
iy > 0.

Finally, we will show that @) # 0 for A > 0 sufficiently large. Let us note
that by condition (f,) the functional

Jr(u) = /]RN F(u(x))dx

is defined and continuous on the space L_an_(£2), see the proof of Lemma 1 and
N—2r
[1]. Let up(z) = & on Q. Clearly up € L _2v (2) and Jp(up) > 0. Further the

N—-2r

2
space H, A/ 2(Q) is densely embedded into L _2n (€2). By continuity arguments
N—2r

for € small enough we can take an element u. € Hy 1/ 2(Q) such that
JF(UE) > JF(U()) —e>0.
a?,1/2 .
Then for u. € H, (Q) we obtain
1 1
In(ue) = §B(u5,u€) — AMp(ue) < §B(u€,u5) — MJp(ug) —€) <0

for A > 0 sufficiently large. Hence

;nin Jy < 0.
HS M2 (@)

Since J)(0) = 0 by definition of the primitive F and @, is a minimum of Jy it
follows that @)y # 0 for all A > 0 sufficiently large. O

Remark 3 In this section we considered just simple examples showing that
the typical truncation technique known for the second—order elliptic partial
differential operators can be applied to the nonlocal Dirichlet problem (2). It
seems that much more delicate and involved results could be obtained by a
combination of sub— and super—solution techniques with topological methods
of critical points theory, see cf. [13] for the case of local problems.
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